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Position Regulation of a Conductive
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Abstract—Eddy currents induced by rotating magnetic dipole
fields can produce forces and torques that enable dexterous manip-
ulation of conductive nonmagnetic objects. This paradigm shows
promise for application in the remediation of space debris. The in-
duced force from each rotating-magnetic-dipole field source always
includes a repulsive component, suggesting that the object should
be surrounded by field sources to some degree to ensure the object
does not leave the dexterous workspace during manipulation. In
this article, we show that it is possible to fully control the position
of an object in a workspace near the midpoint between just two
stationary field sources. A given position controller requires a low-
level force controller. We propose two new force controllers, and
compare them with the state-of-the-art method from the literature.
One of the new force controllers is particularly good at not induc-
ing parasitic torques, which is hypothesized to be beneficial for
future tasks manipulating and detumbling rotating resident space
objects. We perform experimental verification using numerical and
physical simulators of microgravity.

Index Terms—Manipulation planning, motion control, space
robotics and automation.

I. INTRODUCTION

S IX-DEGREE-OF-FREEDOM (6-DOF) manipulation of
electrically conductive, nonmagnetic objects made of mate-

rials such as aluminum is possible using multiple static magnetic
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field sources generating rotating dipole fields with controllable
speeds about controllable axes [1]. Such magnetic field sources
can be omnidirectional electromagnets or robot-positioned ro-
tating permanent magnets [2]. The method works by using
dynamic magnetic fields to induce eddy currents in an ob-
ject, which in turn interact with the applied magnetic field
and induce forces and torques on the object. We focused our
force–torque modeling and initial manipulation experiments on
conductive spheres [1], which we hypothesized could serve as
first-order approximations for other objects. We then actively
adapted the radius and conductivity of the spherical model
based on the observed object motion to enable manipulation of
unknown and nonspherical objects [3]. We found that each field
source always generates a repulsive force component, regardless
of any other force and torque components, with the result being
that position control of an object requires at least two field
sources [1]. In our most recent contribution on this topic, we
showed that two or more fields sources working together in a
purely open-loop fashion can pull an object, from a limited set
of initial conditions, into the central workspace between the field
sources [4].

We are primarily interested in applications of this phe-
nomenon in the microgravity environment of space, for which
eddy-current-based actuation has received substantial attention
in recent years. The motivation for eddy-current-based actu-
ation is the reduction of the chance of destructive collision,
compared to traditional contact-based methods, with engineered
space objects that contain large quantities of aluminum [5].
Importantly, the relatively weak induced forces and torques of
the eddy currents are potentially sufficient in microgravity, as
they need not overcome the object’s weight or other distur-
bances. The induced accelerations may be small, but long time
scales may be acceptable for certain applications in space. Prior
work in eddy-current-based actuation for space applications has
largely considered detumbling of objects using static magnetic
fields [6], [7], [8], [9] or rotating Halbach arrays [10], [11]. This
work has been motivated by the remediation of space debris,
which is a major problem facing humanity [12], [13]; this is our
primary motivation as well. Other prior work in eddy-current-
based actuation has considered the use of rotating magnets [14],
rotating Halbach arrays [15], or electromagnets [16] housed
within a robotic spacecraft to enable it to traverse the exterior of
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Fig. 1. Schematic depicting two stationary rotating-magnetic-dipole field
sources that create eddy-current-induced forces on a conductive nonmagnetic
object to control its position.

a larger conductive nonmagnetic structure, such as the Interna-
tional Space Station.

A two-armed robot equipped with magnetic end-effectors
[6] could rendezvous with an object [17] and place the two
end-effectors on opposite sides of the object to manipulate it. In
this article, we are particularly interested in position regulation
of an object to the midpoint between the two field sources, to be
detumbled by a secondary method that applies torque counter
to the angular velocity of the object but which will also induce
destabilizing forces; this secondary method could use our same
rotating-magnetic-dipole field sources or it could use one of
the other technologies that have been proposed for detumbling.
For such an application, it may be desirable to induce the
smallest parasitic torque possible during the position-regulation
phase, so as to not perturb the axis of rotation of the object.
However, our previous closed-loop position controllers solve a
greedy optimization problem to find the single field source that
instantaneously minimizes the error between the desired and
induced force–torque wrench [1], [3], with the assumption that
other field sources can correct for errors in future control cycles;
the accuracy of this assumption is reduced as the number of field
sources is reduced to just two.

In this article, we implement a basic three-degree-of-freedom
(3-DOF) position controller, nominally at the midpoint between
two field sources (see Fig. 1). This requires a low-level 3-DOF
force controller, for which we present two: one minimizes par-
asitic applied torque, but often has an artificially low saturation
on force magnitude; the other can often achieve higher force
magnitudes, or can achieve a given force more efficiently, but
may also induce parasitic torques. Our analytical developments
explicitly consider spherical objects, as in [1], [3], and [4]. In
numerical and experimental simulations of microgravity, we
show that it is, in fact, always possible to perform 3-DOF
position control using just two stationary field sources, provided
the object is in a nominal workspace near the midpoint between
the two field sources. We compare the two new force controllers
with each other and with the state-of-the-art controller from [3]
(which is an improvement over the controller in [1]).

II. REVIEW OF THE FORCE–TORQUE MODEL

We begin by summarizing our model of induced force–
torque on a solid spherical conductive object due to a rotating
magnetic dipole field. It begins with the model from [1], which
considered the object in three canonical positions relative to

Fig. 2. Eddy-current-induced forces and torques shown in a spherical
coordinate system to describe arbitrary positions of a conductive nonmagnetic
object relative to a rotating magnetic dipole (with the dipole field depicted at
a given instant). The orthonormal basis vectors at a given location are defined
as shown, with îφ = îρ × îθ . The three canonical positions in [1], and their
respective forces and torques, are recast in the spherical coordinate system as
in [3]. The arrowhead on τρ at θ = 180◦ depicts the positive sign convention,
which is opposite to the actual torque direction for the ω shown. All other
force/torque arrowheads depict both the positive sign convention and the actual
force/torque direction for the ω shown. In this image, îφ and fφ point into the
page.

the rotating dipole. It then incorporates the extension of [3],
which considered other locations of the object with respect to
the rotating dipole, using spherical coordinates (see Fig. 2).
The magnetic dipole can be abstracted as a point dipole m
at position Pm, rotating with angular velocity ω, such that
m is orthogonal to ω. We can describe the position of the
center of the conductive object as Po and construct a relative
displacement vector ρ = Po − Pm. The relative position of
the conductive object is described by three coordinates with
respect to the rotating magnetic dipole: a distance ρ = ‖ρ‖, a
polar angle θ measured from the dipole’s rotation vector ω, and
an azimuthal angle φ measuring a right-handed rotation about
ω. In this coordinate system, the three canonical positions are
described by θ = 0◦, θ = 90◦, and θ = 180◦.

The steady-state time-averaged eddy-current-induced force f
and torque τ were modeled parametrically, at the three canonical
positions, as a function of the electrical conductivity σ of the
sphere, the distance ρ from the dipole (modeled as a point,
which would be at the center of a physical source) to the center
of the sphere, the radius r of the conductive sphere, the mag-
netic dipole strength m = ‖m‖, the dipole rotation frequency
ω = ‖ω‖, and the permeability of the environment μ. Using the
Buckingham Π theorem, we found that each of the forces and
torques could be characterized using just two independent di-
mensionlessΠ groups (see Table I). The resulting model took the
form

f, τ =
μ0m

2
(
c0σμ0ωr

2
)c1(σμ0ωr2)

c2

10c3(
ρ
r

)c4 rc5 (1)
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TABLE I
INDUCED FORCE AND TORQUE, AND THE SIX INDEPENDENT

PARAMETERS THAT AFFECT THEM, ADAPTED FROM [1]

TABLE II
COEFFICIENTS FOR THE MODELS IN (1) FOR TWO CANONICAL POSITIONS,

BASED ON FINITE-ELEMENT-ANALYSIS (FEA) SIMULATIONS AND

EXPERIMENTS [1], RECAST IN SPHERICAL COORDINATES [3]

for each of the force and torque components, where μ0 = 4π ×
10−7 N · A−2 is the permeability of free space (μ0 is the only
value of μ of any practical interest). The coefficients for the
θ = 0◦ and θ = 90◦ positions—which is all that we will need
going forward, due to the symmetry of θ = 0◦ and θ = 180◦—
are provided in Table II. The model (1) is a far-field model,
which may underpredict the magnitude of force and torque when
ρ < 1.5r, approximately. The model was also developed using
data in the range 0 ≤ Π1 ≤ 20, so extrapolation beyond this
range should be done with caution.

Given the force and torque values at θ = 0◦ and θ = 90◦, we
are able to construct the force and torque at other values of θ
using a set of simple trigonometric functions, which embody
the type of symmetries that we might expect. The equations
that describe the force and torque components in spherical
coordinates—at arbitrary values of ρ and θ, and not requiring φ
due to symmetry—which call the canonical-position model (1),
are as follows:

fρ(ρ, θ) =

(
fρ(ρ, 90

◦) + fρ(ρ, 0
◦)

2

)

−
(
fρ(ρ, 90

◦)− fρ(ρ, 0
◦)

2

)
cos(2θ) (2)

Fig. 3. Optimal attraction along axis of symmetry of two duty-cycled rotating
magnetic dipole fields [4]. (a) Definition of parameters. (b)Π1 value to maximize
F for a given Π3 value.

fθ(ρ, θ) ≈ 0 (3)

fφ(ρ, θ) = fφ(ρ, 90
◦) sin(θ) (4)

τρ(ρ, θ) = τρ(ρ, 0
◦) cos(θ) (5)

τθ(ρ, θ) = τθ(ρ, 90
◦) sin(θ) (6)

τφ(ρ, θ) = 0. (7)

Going beyond the force–torque induced by a single rotating
dipole, in [4] we considered the open-loop attraction of con-
ductive nonmagnetic objects by two dipoles rotating at the same
speed in opposite directions. We characterized attraction along
the axis of symmetry (e.g., y-axis) depicted and parameterized
in Fig. 3(a). Since our force–torque model described previously
does not currently allow for superposition, we do not actually
actuate both field sources simultaneously. Rather, we duty cycle
them such that they are each actuated for half of the time. The
resultant attractive force (i.e., in the −y direction) is

F = fφ(ρ, 90
◦) cos(φ)− fρ(ρ, 90

◦) sin(φ). (8)

We formed a new nondimensional dependent parameter to char-
acterizeF ,Π0 = Fr4μ−1m−2, analogous to how we previously
nondimensionalized forces. We also had to introduce a new
nondimensional independent parameter: Π3 = y/λ = tan(φ),
whereΠ3 can take on any positive value. We found that the value
of Π1 that maximizes Π0 (i.e., maximizes F ) is only a function
ofΠ3 [see Fig. 3(b)], although the magnitude of the resultingΠ0

is also a function of Π2. We observe that Π1 = 3.00 is optimal
in the limit as Π3 → 0 (i.e., at the midpoint between the rotating
dipoles); this assumes that the (maximum) magnitude of m is
invariant to ω, which will not be the case for electromagnetic
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field sources. It is worth noting that, in [1], which considered
dexterous manipulation of conductive nonmagnetic objects sur-
rounded by dipole field sources, it was proposed that Π1 ≈ 3
was near optimal, based on simplifying assumptions.

III. POSITION CONTROL

As depicted in Fig. 1, we are interested in controlling the
position of conductive nonmagnetic objects in a workspace
centered at the midpoint between two field sources. We define a
coordinate frame such that the x-axis is pointing toward one of
the field sources, which we designate as being at the+x position,
and away from the other field source, which we designate as
being at the −x position. The y-axis and z-axis should form a
right-handed coordinate frame with the x-axis, but their choice
is otherwise arbitrary.

Because we are interested in controlling the position x of a
free-floating mass M , our plant has simple dynamics[

ẋ(t)
ẍ(t)

]
=

[
0 I
0 0

] [
x(t)
ẋ(t)

]
+

[
0
1
M I

]
f(t) (9)

where 0 is a 3 × 3 zero matrix, I is a 3 × 3 identity matrix, and
we use the dot notation to denote time derivatives. If we assume
that our input force f(t) is updated with a sampling period T
and held approximately constant for a given sampling period,
we arrive at a sampled-data approximation of our plant[

x[k + 1]
ẋ[k + 1]

]
=

[
I T I
0 I

] [
x[k]
ẋ[k]

]
+

[
T 2

2M I
T
M I

]
f [k]. (10)

We will implement a simple controller based on the error be-
tween the desired position xdes and the current position, with
the addition of virtual damping, which is equivalent to state
feedback with a reference input [18]

f [k] = kp (xdes[k]− x[k])− kdẋ[k]

= kpxdes[k]−
[
kp kd

] [ x[k]
ẋ[k]

]
. (11)

The resulting closed-loop dynamics are

[
x[k + 1]
ẋ[k + 1]

]
=

[(
1− kpT

2

2M

)
I

(
T − kdT

2

2M

)
I

−kpT
M I

(
1− kdT

M

)
I

] [
x[k]
ẋ[k]

]

+

[
kpT

2

2M I
kpT
M I

]
xdes[k] (12)

which has a characteristic equation of the form

z2 +

(
kpT

2 + 2kdT − 4M

2M

)
z +

(
kpT

2 − 2kdT + 2M

2M

)

= 0 (13)

which we can control through the choice of the controller gains
kp and kd. For example, for a dynamic response with no over-
shoot, we would like positive real poles/eigenvalues α at the
same location, with 0 ≤ α < 1 for stability and with α as small
as possible for a fast response, with a resulting characteristic

equation

(z − α)(z − α) = z2 − 2αz + α2 = 0. (14)

This design choice constrains our choice of kp and kd as

kp(α) =
M

T 2

(
α2 − 2α+ 1

)
(15)

kd(α) =
M

2T

(−α2 − 2α+ 3
)
. (16)

IV. FORCE CONTROL

The closed-loop dynamics in (12) and (13) assumes that we
are able to achieve the desired force from (11). Achieving a
desired force f des is the core contribution of this article, which
we address in the following. Throughout, if f des is unachievable,
our goal will be to induce the force f with minimal error.
Also, we will develop our force controllers at the nominal
operating point xdes = 0 (i.e., at the midpoint between the field
sources).

A. Force Controller 1: Minimize Torque

Given some desired force f des, we can always decompose it
as the components parallel to, and orthogonal to, the x-axis

f des = f des‖ + f des⊥ (17)

where

f des‖ = (f des · îx)îx (18)

f des⊥ = f des − f des‖. (19)

Note that there is no need to officially assign an arbitrary y-
and z-direction for the workspace coordinate frame. We can
develop independent solvers for the parallel and orthogonal force
components, and then superimpose the results. We will show
that it is possible to induce these forces without inducing a net
parasitic torque on the object. As in our prior works, we will not
operate multiple magnetic commands simultaneously, rather, we
will duty cycle the commands so that each uses a fraction of the
control cycle, with the result being that we achieve the desired
force in a time-averaged sense.

1) Forces Parallel to the x-Axis: We begin by analyzing the
ability of our system to induce a force parallel to the x-axis
(i.e., f des‖). Because each active field source always generates a
repulsive force component, there are exactly two ways to induce
a force in the+x direction (i.e., whenf des‖ · îx > 0), as depicted
in Fig. 4. Both use the field source at the −x position, but result
in parasitic torques in different directions

ω̂−x = îx ⇒ τ̂ = îx (20)

ω̂−x = − îx ⇒ τ̂ = −îx. (21)

By using (20) for 50% of the time allocated to f des‖, and using
(21) for the other 50%, the parasitic torques will cancel if the
object stayed in the same location during the entire duty cycle.
Since the object does move slightly during one duty cycle,
the parasitic torques will only approximately cancel. It follows
that net torque is approximately zero.
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Fig. 4. Two configurations of rotating magnetic dipole fields to induce a force
in the +x direction; each induces a parasitic torque, but in opposite directions.
Inducing forces in the −x direction is done analogously, using the other field
source. (a) Parasitic torque about +x axis. (b) Parasitic torque about −x axis.

Fig. 5. Configuration of rotating magnetic dipole fields to induce a force in
any direction orthogonal to the x-axis (shown here in the −y direction, without
loss of generality). This configuration results in no net torque.

Analogously, if we want to induce a force in the −x direction
(i.e., f des‖ · îx < 0), we use the field source at the +x position

ω̂+x = îx ⇒ τ̂ = îx (22)

ω̂+x = − îx ⇒ τ̂ = −îx. (23)

2) Forces Orthogonal to the x-Axis: Next, we consider the
ability of our system to induce a force orthogonal to the x-axis
(i.e., f des⊥), as depicted in Fig. 5. This can be thought of as a
special case of our prior work [4] [see Fig. 3(a)], from which we
know from symmetry that setting the two field sources to have
equal dipole magnitudes and antiparallel angular velocities of
equal magnitude will induce a force orthogonal to the x-axis

ω̂−x = îx × f̂ des⊥ (24)

ω̂+x = f̂ des⊥ × îx. (25)

By using (24) for 50% of the time allocated to f des⊥, and using
(25) for the other 50%, the parasitic torques will cancel, such
that the net torque is zero.

3) Achieving a Desired (Net) Force: We will denote the
actual forces that our system induces as f ‖ and f⊥. We will
denote the duty cycle for each force component as δ‖ and δ⊥,
where δ‖ + δ⊥ = 1 and it is understood that each of these duty
cycles will be further divided in half to implement the respective
force component as already described. The resultant net force is
then

f = f ‖δ‖ + f⊥δ⊥. (26)

As described in Section II, the magnitude of the induced force
is a function of the strength m and rotation frequency ω of
the dipole fields. For electromagnets, we can control both of
these terms independently, but their maximum values are cou-
pled for any real electromagnetic field source. We can design
the (m, ω) pair that will induce the maximum achievable force
in a given direction, or that will achieve a desired force most
efficiently (i.e., that minimizes m, which is generated with
electricity); regardless, this is a relatively simple search over
the model. We can also simply use some constant ω and treatm
as the control variable, as we have in our prior works [1], [3],
and [4], in which case the largest forces are simply induced by
the largest m that is achievable at that ω. Let us simply assume
that we have determined the maximum force magnitudes that
we can achieve in the two orthogonal directions, and denote the
resulting forces as f ‖ and f⊥.

To solve for the duty cycles, let us imagine a case in which
our induced force is in the correct direction (i.e., f̂ = f̂ des), and
its magnitude is so large that it is maximizing both of the force
components simultaneously. The result is the largest force that
we could possibly achieve in the desired direction

f = f ‖δ‖ + f⊥δ⊥ where f̂ = f̂ des. (27)

The associated duty cycles are unique, and they are optimal in
the sense of balancing the force components with respect to what
is achievable. Continuing with this thought experiment, we can
solve for these duty cycles as

δ‖ =
‖f des‖‖‖f⊥‖

‖f des⊥‖‖f ‖‖+ ‖f des‖‖‖f⊥‖
(28)

δ⊥ = 1− δ‖ (29)

from which we can now solve (27) explicitly.
In general, we will not be requesting exactly ‖f des‖ = ‖f‖. If

‖f des‖ > ‖f‖, we will have to clip it to ‖f des‖ = ‖f‖, since the
requested value is unachievable. If ‖f des‖ < ‖f‖, our decision
will depend on if our field sources are electromagnets or per-
manent magnets. In the case of electromagnets, we will simply
reduce the values of m that would be used to achieve the two
components of f , assuming ω remains constant, sincem affects
forces quadratically

m‖ = m‖

√
‖f des‖
‖f‖ , m⊥ = m⊥

√
‖f des‖
‖f‖ . (30)
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Fig. 6. Cone representing all possible force directions that can be induced by
the field source at the −x position (represented by an ∗) on a conductive object
at the center of the workspace. The cone angle is dependent only on Π1.

In the case of permanent magnets, m is constant, and we must
reduce ω by an appropriate amount using numerical techniques
with the model of Section II.

B. Force Controller 2: Maximize Force

Let us assume that we have determined the maximum force
magnitude that we can achieve in the x direction, and denote the
resulting force as f ‖. If we utilize the same (m, ω) that produces
this force, but orient ω orthogonal to the x-axis rather than the
parallel to it, we will induce a force that can be decomposed
into a parallel component and an orthogonal component similar
to what was done to a desired force in (17). For reasons that
will become clear, we will denote this force as f cone. In this
configuration, we are operating at θ = 90◦ (see Fig. 2). It then
follows from (2) and (4) that:

f cone‖ = fρ(ρ, 90
◦) (31)

f cone⊥ = fφ(ρ, 90
◦). (32)

If ω is then rotated about the x-axis, f cone⊥ will rotate about
the x-axis by an equal amount. The total set of possible force
vectors created by this process defines the outside of a cone, as
shown in Fig. 6, with an angle

ψθ=90◦ = tan−1

(‖f cone⊥‖
‖f cone‖‖

)
(33)

measured from îx. If ω is rotated toward îx (i.e., if θ varies from
90◦ to 0◦) or if ω is rotated toward −îx (i.e., if θ varies from
90◦ to 180◦), both ‖f cone⊥‖ and ψ go to 0, as shown in Fig. 7.
This effectively fills in the rest of the cone. Therefore, the field
source at the −x position can generate a force with any 0 ≤
ψ ≤ ψθ=90◦ measured from îx. Analogously, the field source at
the +x position can generate a force with any 0 ≤ ψ ≤ ψθ=90◦

measured from −îx.
If we again decompose some desired force into its components

parallel to, and orthogonal to, the x-axis as in (17), we can

Fig. 7. Resultant forces created by a single magnetic dipole rotating at three
different θ values. Arrows on the spherical object depict forces (which are all
in the x–y plane), and corresponding colored arrows on the field source depict
the associated ω (which are all in the x–z plane, shown with perspective). The
force created when θ = 90◦, depicted with a yellow arrow, is at an angleψθ=90◦
measured from îx.

conclude that our system is capable of producing a force in the
direction of f des using only a single rotating magnetic dipole
source if

‖fdes⊥‖
‖fdes‖‖ <

‖f cone⊥‖
‖f cone‖‖ . (34)

The foundation of the force controller of this section is as fol-
lows: if the desired force f des is within one of the two achievable
cones, then we should use the respective field source with a 100%
duty cycle to achieve it. This strategy will be very efficient at
generating forces by capitalizing on the natural force-generation
properties of a single rotating magnetic dipole. However, it will
likely generate some parasitic torque on the object as well.

1) Forces Inside the Achievable Cone: If we keep ω and m
constant at the pairing that produces our maximum parallel force,
ψ will be a function of only θ. If we can produce a force in the
desired direction [i.e., if (34) is true] then we use a simple solver
to determine the θ from (2) and (4) that solves

‖fφ(ρ, θ)‖
‖fρ(ρ, θ)‖ =

‖fdes⊥‖
‖fdes‖‖ . (35)

By utilizing a single field source rotating at an angle θ deter-
mined from (34), the resultant force f will be in the desired
direction. If ‖f des‖ > ‖f‖ we will again have to clip it. If
‖f des‖ < ‖f‖ then our decision will again depend on if our
field sources are electromagnets or permanent magnets.

For electromagnets, m is variable and effects only the resul-
tant force magnitude, not its direction. If ‖f des‖ > ‖f‖, we will
have to clip our desired force to ‖f des‖ = ‖f‖. If ‖f des‖ < ‖f‖,
we will simply reduce the value ofm to achieve the desired force

m = m

√
‖f des‖
‖f‖ . (36)

Authorized licensed use limited to: The University of Utah. Downloaded on October 17,2024 at 21:31:51 UTC from IEEE Xplore.  Restrictions apply. 



DALTON et al.: POSITION REGULATION OF A CONDUCTIVE NONMAGNETIC OBJECT 4641

Fig. 8. Effect on the resultant force vector as the duty cycle of the two field
sources is varied from 50%/50% to 100%/0%. Arrows on the spherical object
depict forces (which are all in the x–y plane). Arrows on the field sources depict
the associated ω (which are always parallel or antiparallel to the z-axis). The
force created when the duty cycle is 100%/0%, depicted with a yellow arrow, is
at an angle ψθ=90◦ measured from îx.

For permanent magnets the only variable we can modify is ω.
The angle with respect to îx of our resultant force is

ψ(ω, θ) = tan−1

(
fφ(ρ, θ)

fρ(ρ, θ)

)
(37)

which is a function of ω and θ. Therefore, if we scale back the
frequency in order to lower our force magnitude to some desired
force magnitude the resultant force direction will also change.
We would therefore need to search over the (ω, θ) search-space
for a solution that will ensure the resultant force matches
the desired force in both direction and magnitude.

2) Forces Outside the Achievable Cone: A rotating dipole
field will always create a force in the ρ direction, therefore,
ψθ=90◦ is always less than 90◦. Forces in a direction beyond
ψθ=90◦ (i.e.,ψθ=90◦ < ψ ≤ 90◦) are not achievable with a single
rotating dipole field. However, we know that if we rotate the two
dipoles according to (24) and (25) with a 50%/50% duty cycle the
resulting force will be entirely orthogonal to the x-axis (i.e., will
achieve ψ = 90◦). By varying the duty cycle, we can produce
forces outside the cone created by a single rotating dipole field,
as shown in Fig. 8. Determining the correct duty cycle δ−x

and δ+x for the field sources at the −x and +x positions,
respectively, where δ−x + δ+x = 1, depends on whether the
system is utilizing electromagnets or permanent magnets.

For electromagnets, m is variable and effects only the resul-
tant force magnitude, not its direction. We can therefore deter-
mine the duty cycle that results in a force in the desired direction,
independent of magnitude. We use a numeric optimizer to solve
a problem of the form

arg min
δ−x

∥∥∥f̂ des − f̂
∥∥∥2

s.t. f = δ−xf−x + (1− δ−x)f+x (38)

where f−x and f+x are the resultant forces from the field
sources at the −x and +x positions, respectively, which are
precomputed offline by implementing the dipole rotation axes
defined by (24) and (25) using the (m, ω) pair that will induce
the maximum achievable force. The resulting optimal duty
cycle will result in f = f , the maximum achievable force in
the desired direction. If ‖f des‖ > ‖f‖, we will have to clip it
to ‖f des‖ = ‖f‖. If ‖f des‖ < ‖f‖, and assuming ω remains
constant, we simply reduce m as in (36).

For permanent magnets, the dipole strength is set, but ω can
be modified. We will still choose the direction of ω defined by
(24) and (25). Because ω effects not only the resultant force
magnitude but also the resultant force direction, we need to
couple these in the optimization

arg min
ω,δ−x

‖f des − f‖2

s.t. f = δ−xf−x + (1− δ−x)f+x

ω ≤ ωmax (39)

where f−x and f+x are the resultant forces from the field
sources at the −x and +x positions, respectively, calculated
online using (2) and (4) for the particular (m, ω) pair.

3) Parasitic Torque: By minimizing the number of distinct
rotating-dipole-field actions to generate a desired force, we
minimize the generation of wasted opposing forces whose sole
purpose is to cancel each other out. This enables the system
to achieve a larger maximum force, but at the cost of parasitic
torque. Forces and torques for a single rotating dipole field as
a function of θ are shown in Fig. 9. Because the forces are
symmetric about θ = 90◦, the resultant force generated at some
θ is the same if we instead rotate the dipole field source at
θ∗ = 180◦ − θ. For forces produced inside ofψθ=90◦ (i.e., inside
the cone), since the torque in the x-direction is mirrored about
θ = 90◦, we can alternate the field rotation between θ and θ∗

with a 50%/50% duty cycle to cancel out the x-component of
torque. However, the torque produced in theρ× f̂des⊥ direction
cannot be removed with such a process, and is considered
parasitic torque. For forces produced outside of ψθ=90◦ , the
torques produced by each rotating dipole field are in equal
and opposite directions and are both orthogonal to the x-axis,
however because one is given a larger portion of the duty cycle,
the torques will not be equal in magnitude thus leaving some
parasitic torque, which is again in the ρ× f̂des⊥ direction of
the rotating dipole field.

C. Comparison of Force Controllers

The two force controllers described previously, each offer
their own advantages and disadvantages. The minimize-torque
controller is straightforward to solve numerically, it is efficient in
that it utilizes the entire control cycle to perform manipulation,
and it results in no net torque (at least nominally). However,
it artificially limits our choice of ω to being either parallel
or orthogonal to the x-axis. Alternatively, the maximize-force
controller is very good at achieving a desired force using a single
field source when possible, which is energy-efficient.
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Fig. 9. Magnitude of the resultant (a) force and (b) torque components as
a function of θ for a 25 mm radius copper sphere placed 80 mm away from
a single dipole field rotating at ω = 15 Hz with m = 40 A · m2. (a) Forces.
(b) Torques.

Fig. 10 provides a comparison of the forces and torques
produced as a function of the angle ψ of f des measured from
the x-axis

ψ = tan−1

(‖f des⊥‖
‖f des‖‖

)
. (40)

For desired forces that are either parallel or orthogonal to the
x-axis, the two methods result in the same maximum achievable
force and the same corresponding parasitic torque. For other
force directions, the maximize-force controller is capable of
producing larger forces—in some cases, substantially larger. The
minimize-torque controller is capable of producing a force in
any direction without the generation of any parasitic torque.
It is worth noting that the discontinuity in the results for
the maximize-force controller occurs at ψθ=90◦ and, at least
for our parameter values, it was at this discontinuity that we
observed the largest difference between the two methods.

V. EXPERIMENTAL VERIFICATION

A. Numerical Simulations

1) Methods: In order to verify the ability of our proposed
controllers to regulate the position of an object to the midpoint
between two field sources, we created a 6-DOF numerical sim-
ulation of a free-floating sphere described by dynamics

M ẍ = f (41)

Fig. 10. Comparison of (a) the maximum possible force produced and (b)
the corresponding parasitic torque, for the minimize-torque controller and the
maximize-force controller, as a function of ψ measured from the x-axis for a
20 mm radius copper sphere placed λ = 222.5 mm away from two dipole fields
rotating at ω = 15 Hz with m = 40 A · m2.

J ω̇ + ω × Jω = τ (42)

where f and τ are the eddy-current-induced force and torque,
respectively, as described in Section II, and

J =
2

5
Mr2I (43)

is the moment-of-inertia tensor of a solid sphere. The Coriolis
term in (42) has no effect due to the symmetry of J , so we
eliminate it going forward. We numerically integrate with a
period of Tni⎡

⎣x[k + 1]
ẋ[k + 1]
ω[k + 1]

⎤
⎦ =

⎡
⎣I TniI 0

0 I 0
0 0 I

⎤
⎦
⎡
⎣x[k]ẋ[k]
ω[k]

⎤
⎦

+

⎡
⎢⎣

T 2
ni

2M I 0
Tni
M I 0

0 TniJ−1

⎤
⎥⎦
[
f [k]
τ [k]

]
. (44)

We chose parameters that approximate those of our physical ex-
periments (see Section V-B). The two field sources are modeled
as point dipoles that rotate with an angular velocity ω = 15 Hz
with a maximum strength of m = 40 A · m2, and are placed
445 mm apart (i.e., at λ = ±222.5 mm along the x-axis). An
aluminum sphere (conductivityσ = 3.69× 107 S/m and density
ρ = 2710 kg/m3) with a radius of 20 mm is placed a distance
λ/4 = 55 mm away from the origin of the coordinate system
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TABLE III
COMPARISON OF THE MEDIAN SIMULATED SETTLING TIME, NORMALIZED PATH LENGTH, AND FINAL ANGULAR VELOCITY OF

THE MINIMIZE-TORQUE CONTROLLER, MAXIMIZE-FORCE CONTROLLER, AND GREEDY CONTROLLER WITH q = 0, q = 1, AND q = 3,
USING A GENTLE POSITION CONTROLLER (α = 0.99) AND ONE THAT IS APPROXIMATELY 3× MORE AGGRESSIVE (α = 0.97)

(which is located at the midpoint between the field sources)
along the ±x, y, and z axes, as well as toward the corners of
the eight octants made by the coordinate system, for a total of
14 initial conditions distributed around the surface of a sphere.
Starting from rest, the object is commanded to move to the origin
of the coordinate system (i.e., xdes = 0). The control law from
(11) is used, wherekp andkd are functions of the pole/eigenvalue
α as in (15) and (16). We performed simulations with α = 0.99,
which provides a gentle dynamic response, as well as with
α = 0.97, which is approximately three times more aggressive.
We implemented a sampling period of T = 1 s: each controller
measures the state of the object once every second, uses that
state to determine a desired force, then attempts to create that
force by subdividing the next second in whole increments of Tni

using its own particular algorithm. We numerically integrated
with Tni = 1 ms.

We also wanted to critically compare the performance of
our proposed controllers to our current state-of-the-art wrench
solver [3], which is a greedy optimization method that solves for
the instantaneous wrench that most closely matches the desired
wrench in terms of minimizing a weighted norm of the wrench
error. The weighting matrix is of the form diag{1, 1, 1, q, q, q},
where q = 0 results in no weighting of the error in the torque
vector (i.e., pure force control), and an increase in q corresponds
to an increase in the importance of torque error relative to
force error. We explicitly consider q = 0, q = 1, and q = 3. We
solve for the actuation commands to achieve a desired wrench
with a sampling period of T = 1 s. The desired force is set
by the same position controller described previously, and the
desired torque is always set to zero. This method also requires
initial estimates to seed the solver; we chose 14 different initial
estimates to help ensure that we found an optimal solution using
an off-the-shelf least-squares solver. With this solver we found
the two initial estimates indicated by Tabor et al. [3] to be
insufficient, this is likely highly dependent on their choice of
optimization algorithm.

We use three metrics to quantify the quality of the responses:
settling time, normalized path length, and final angular velocity.
The settling time gives a sense for how quickly the controller
is able to move an object to a position setpoint. We define the
settling time as the time at which the center of the object enters
a spherical region that has a radius that is 1% of the total step
size of 111.25 mm, and then never leaves that spherical region.
The normalized path length is defined as the distance traveled by
the object from the start of the trial to the settling time, normal-
ized by the shortest possible distance (i.e., 99% of the total step

size of 111.25 mm). This metric captures both nonstraight paths
and overshoot. The final angular velocity captures the amount of
net parasitic torque induced on the object, given that, in all cases,
the goal was to induce no torque during the position-regulation
task. For all three metrics, smaller values are better.

2) Results and Discussion: The results of our simulations
are presented in Fig. 11 in the form of box-whisker plots of the
14 trials per controller. We present a critical comparison of the
median results in Table III and Supplemental Video 1.

As we make our position controller more aggressive by
decreasing α, the settling time decreases by a factor of three
(approximately); this is as expected. As we make our position
controller more aggressive, we also observe an increase in the
final angular velocity and the average normalized path length.
The increase to path length is due to some slight overshoot
when trying to reach the goal more aggressively. The increase
in the final angular velocity is due to the controller asking for
larger forces, which leads to a corresponding increase in parasitic
torque.

The minimize-torque controller is an order-of-magnitude bet-
ter than the other controllers at not inducing parasitic torque on
the object, measured via its final angular velocity. This comes at
the cost of longer settling times and slightly longer path lengths.

With the greedy controller, as we increase q (i.e., penalize
torque more) there is a decrease in the final angular velocity
as expected, but with a ceiling effect. However, increasing q
too high substantially harms the performance of the position
control. We found that q = 3 gives similar median performance
as the minimize-torque controller in terms of settling time and
normalized path length. Further increases in q only led to nega-
tive changes in performance without any corresponding positive
changes.

The maximize-force controller and the greedy controller with
q = 0 perform equally well in terms of moving objects from
across the workspace along the shortest-possible straight-line
path to the setpoint. However, the maximize-force controller
performs slightly better in terms of both settling time and not
inducing parasitic torque.

One thing that we observed that was unexpected was that
setting q = 1 with the greedy controller resulted in a median
settling time that is slightly lower (i.e., faster) than with q = 0,
with some trials that are much lower. This is best explained as
follows. The greedy solver with q = 1 sometimes struggles to
exactly produce the desired force because it is also explicitly
trying to create no torque, which leads to a dynamic response
that deviates from the idealized response anticipated by the
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Fig. 11. Box-whisker plots comparing the simulated settling time, normalized path length, and final angular velocity of the minimize-torque controller, the
maximize-force controller, and the greedy controller with q = 0, q = 1, and q = 3, using (b) a gentle position controller (α = 0.99) and (a) one that is approximately
3× more aggressive (α = 0.97). Each box-whisker plot comprises 14 trials with starting locations that are all at a distance ρ = λ/4 from the setpoint.

position controller. In some cases, this actually leads to a more
aggressive response that overshoots the setpoint (which explains
the increase in normalized path length); if the overshoot is not
sufficient to leave the 1% sphere around the setpoint, this actually
results in a decrease in 1% settling time. Thus, we are not inclined
to interpret the faster response in a positive way, since it indicates
a lack of control.

B. Physical Experiments

1) Methods: For an experimental verification of the position
controllers performance, we created an experimental setup com-
prising two Omnimagnets [19] of the design originally described
in [20]; these are the same Omnimagnets used in our previous
works on this topic [1], [3]. We placed the Omnimagnets 0.4 m
apart (λ = 0.2 m), adjacent to a pool of water, as shown in

in Fig. 12. We placed a solid aluminum sphere with a radius
r = 0.02 m and mass 0.091 kg in a 3-D-printed (nonmagnetic
and nonconductive) raft of diameter 88 mm floating on the
surface of the water, which has a depth of 190 mm. The raft
itself adds another 0.061 kg to the object’s mass. The pose
of the raft, and thus the aluminum sphere, was tracked using
a fiducial marker. This setup provides a 3-DOF simulation of
microgravity (two-degree-of-freedom translation in the horizon-
tal plane and one-degree-of-freedom rotation about the vertical
axis). The center of each Omnimagnet, which is the location
of the magnetic dipole that it creates, was placed at the same
vertical height as the center of the aluminum sphere, which is
just below the surface of the water, such that experiments are
conducted in the z = 0 plane depicted in Fig. 1.

The aluminum sphere was commanded to one of three starting
locations located 50 mm away from the center of the workspace
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TABLE IV
COMPARISON OF THE MEDIAN EXPERIMENTAL SETTLING TIME, NORMALIZED PATH LENGTH, AND FINAL ANGULAR VELOCITY OF THE MINIMIZE-TORQUE

CONTROLLER, THE MAXIMIZE-FORCE CONTROLLER, AND THE GREEDY CONTROLLER WITH q = 0 AND q = 1, WITH α = 0.97

Fig. 12. Top-down view of the experimental setup comprising two Omnimag-
nets with centers placed 0.4 m apart surrounding a pool of water, with a raft car-
rying a 20 mm radius aluminum sphere, equipped with a fiducial marker. The left
image shows the initial condition, and the right image shows the final condition
with the path taken depicted in red, for typical runs. (a) x(0) = [50 0]
 mm.
(b) x(0) = [0 − 50]
 mm. (c) x(0) = [25

√
2 − 25

√
2]
 mm.

(x = y = 0) along the x-axis, the −y-axis and the axis 45° be-
tween the two, using the method described in [3]. Once the object
was at rest in the given starting location, it was commanded to
move to the center using the minimize-torque controller, the
maximize-force controller, and the greedy controller from [3]
with q = 0 and q = 1. Using the combined mass, we calculated
the position controller gains as in (15) and (16), using α = 0.97.

This experimental setup provides a reasonable approximation
of the microgravity environment of space, but the results will
be slightly different due to various inertial and drag effects of
the water. We chose the more aggressive controller (α = 0.97)
due to the presence of unmodeled drag from the water. We
heuristically found that reducing kd (from the value calculated
previously) by 25% to account for the unmodeled drag led to
results that most closely matched our simulations.

2) Experimental Results: Typical trials of our experiment are
shown in Fig. 13. The complete results are presented in Fig. 14
as a box-whisker plot of the nine trials per controller. Again,
we present a critical comparison of the median experimental

Fig. 13. Typical experimental runs for the minimize-torque controller, the
maximize-force controller, and the greedy controller with q = 0 and q = 1, all
usingα = 0.97. Results show position regulation for a 20 mm radius aluminum
sphere starting from rest at a 50 mm distance along the x-axis, the −y-axis, and
a diagonal axis. See Supplemental Video 2.

results in Table IV. Although the particular numerical values
vary slightly from the simulation results due to the unmod-
eled effects of water, we observe the same general trends that
we did in the simulations. The minimize-torque controller is
again an order of magnitude better than the other methods at
not inducing parasitic torque on the object; this again comes
at the cost of longer settling times and slightly longer path
lengths. The maximize-force controller and greedy controller
with q = 0 both have the shortest path length and comparable
settling times. Increasing the value of q again lowers the final
angular velocity but come at the cost of higher settling times
and path lengths. Considering the results in Table IV closely
match those in Table III, we are confident that, although our
water-based microgravity simulator adds some parasitic effects,
our physical experiments reinforce the conclusions drawn from
our simulations.

VI. DISCUSSION

As discussed earlier, our primary motivation for this work is
the task of regulating the position of a resident space object at
the midpoint between two field sources, to be detumbled by a
secondary controller. When the object is already very near to
the midpoint, it seems clear that the proposed minimize-torque
controller is most desirable, in that it creates very little parasitic
torque that may disturb the axis of rotation of the object. When
the object is relatively far from the midpoint, the proposed
maximize-force controller seems to be the best choice, although
it performs quite comparably to our prior optimization-based
greedy method.
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Fig. 14. Box-whisker plots comparing the experimental settling time, normalized path length, and final angular velocity of the minimize-torque controller, the
maximize-force controller, and the greedy controller with q = 0 and q = 1, with α = 0.97. Each box-whisker plot comprises nine trials with starting locations
that are all at a distance ρ = λ/4 from the setpoint.

It is important to note that both the minimize-torque and
maximize-force controllers were developed for the structured
environment near the midpoint between two field sources; they
are highly specialized for that configuration (which is important
in our motivating application). There is no reason to believe that
the positive results that we found will translate to other location
outside of this nominal workspace.

We assumed a point dipole model for our field sources. This
model is perfect for a spherical permanent magnets [21]. For
cubic and cylindrical permanent magnets [21], as well as om-
nidirectional electromagnets [19], the model is accurate outside
of approximately 1.5 minimum-bounding-sphere radii.

VII. CONCLUSION

In this article, we developed two new low-level 3-DOF force
controllers, which we named the minimize-torque controller and
the maximize-force controller, for the manipulation of conduc-
tive nonmagnetic objects in the nominal workspace between two
rotating-magnetic-dipole field sources. We compared the two
new force controllers with each other and with the state-of-the-
art greedy controller from [3] (which is an improvement of the
original controller in [1]), using the same high-level position
controller, in the task of position regulation to the midpoint
between the field sources. We found that the minimize-torque
controller performs best (by an order of magnitude) in terms of
not inducing parasitic angular momentum on the object, but at
the cost of modestly longer settling times. We put a premium on
not inducing parasitic angular momentum on the object because
we are ultimately interested in applying this position regulator to
the task of detumbling objects in space for on-orbit servicing or
deorbiting.
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