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Elastohydrodynamic propulsion of a filament
magnetically driven at both ends†

Ali Gürbüz, a Ke Qin, a Jake J. Abbott *b and On Shun Pak *ac

The elastohydrodynamic interaction between an elastic filament and its surrounding fluid was exploited

to develop the first microswimmers. These flexible microswimmers are typically actuated magnetically at

one end and their propulsion behavior is relatively well understood. In this work, we move beyond the

traditional single-end actuation setup and explore the propulsion characteristics of an elastic filament

driven by magnetic torques at both ends. We report the emergence of new modes of propulsion

behaviors in different physical regimes, depending on the balance of elastic and viscous forces as well as

the arrangement of the magnetic moments at the filament ends. In particular, under the same magnetic

actuation, a filament driven at both ends can propel either forward or backward depending on its

relative stiffness. Moreover, this new backward propulsion mode can generate a magnitude of

propulsion that is unattainable by the traditional single-end actuation setup. We characterize these new

propulsion behaviors and provide some physical insights into how they emerge from the complex

interplay between viscous and elastic forces and magnetic actuation in various configurations. Taken

together, these findings could guide the development of soft microrobots with enhanced propulsion

performance and maneuverability for future biomedical applications.

1 Introduction

Due to their potential use in biomedical applications such as
drug delivery and microsurgery,1–3 the development of swim-
ming microrobots that can propel through the microscopic
world like living microorganisms has attracted considerable
attention.4–9 The locomotion of these microswimmers typically
occurs at a very low Reynolds number (Re): consider a swimmer
with a characteristic size L = 10 mm propelling through a fluid
with a kinematic viscosity n = 1 mm2 s�1 at a typical speed
U = 10 mm s�1, we have Re = UL/n = 10�4, indicating a
dominance of viscous forces over inertial forces in the fluid.
The absence of inertia at the microscale imposes a fundamen-
tal challenge to locomotion at low Re for microorganisms and
artificial microswimmers.10–13 Purcell’s scallop theorem14 states
that any reciprocal motion (i.e., sequence of motions with time-
reversal symmetry) cannot generate net propulsion without inertia.
This constraint renders some common macroscopic swimming

strategies such as rigid flapping motion ineffective for locomotion
at low Re.

Microorganisms have evolved diverse strategies to swim in
their microscopic world. Some eukaryotic cells such as sperma-
tozoa propel themselves by beating their hair-like structures
that resemble elastic rods, known as flagella.10,11 The beating
motion is generated by the action of molecular motors within
the flagellum.15,16 The flexibility of the flagellum enables the
propagation of a bending wave to break the time-reversal
invariance and generate propulsion. This strategy, inspired by
biological systems and based on the elastohydrodynamic inter-
action between an elastic structure and its surrounding fluid,
has been utilized to develop the first artificial micro-
swimmers.8,9,17–21 Without molecular motors like those in
microorganisms, the elastic body of artificial microswimmers
instead are typically actuated with magnetic materials concen-
trated at one end18–21 or distributed along the body17,22–25

under external magnetic fields. The magnetic material attempt-
ing to align with oscillating magnetic fields then drives the
elastic deformation of the filament, generating propulsion as a
result of the elastohydrodynamic response.

Previous analyses have elucidated the fundamental propul-
sion behavior of an elastic filament that is driven by end
actuation, such as torque, lateral displacement, and angular
displacement at one end,19,27–34 which share some general
features: a relatively stiff filament primarily undergoes recipro-
cal motion, resulting in negligible propulsive thrust as

a Department of Mechanical Engineering, Santa Clara University, Santa Clara,

CA 95053, USA. E-mail: opak@scu.edu
b Department of Mechanical Engineering and the Robotics Center,

University of Utah, Salt Lake City, UT 84112, USA. E-mail: jake.abbott@utah.edu
c Department of Applied Mathematics, Santa Clara University, Santa Clara,

CA 95053, USA

† Electronic supplementary information (ESI) available. See DOI: https://doi.org/

10.1039/d3sm00464c

Received 7th April 2023,
Accepted 21st August 2023

DOI: 10.1039/d3sm00464c

rsc.li/soft-matter-journal

Soft Matter

PAPER

Pu
bl

is
he

d 
on

 0
8 

Se
pt

em
be

r 
20

23
. D

ow
nl

oa
de

d 
by

 U
ni

ve
rs

ity
 o

f 
U

ta
h 

on
 9

/1
9/

20
23

 1
0:

00
:1

6 
PM

. 

View Article Online
View Journal

https://orcid.org/0000-0003-3418-4883
https://orcid.org/0000-0002-6503-555X
https://orcid.org/0000-0002-0665-1934
https://orcid.org/0000-0003-1510-7049
http://crossmark.crossref.org/dialog/?doi=10.1039/d3sm00464c&domain=pdf&date_stamp=2023-09-06
https://doi.org/10.1039/d3sm00464c
https://doi.org/10.1039/d3sm00464c
https://rsc.li/soft-matter-journal
https://doi.org/10.1039/d3sm00464c
https://pubs.rsc.org/en/journals/journal/SM


Soft Matter This journal is © The Royal Society of Chemistry 2023

constrained by Purcell’s scallop theorem. With sufficient
flexibility, the deformations along the filament give rise to a
propulsive thrust directed towards its actuated end. However,
an excessively flexible filament has reduced propulsion because
its deformation becomes more localized around the actuated
end. Maximizing propulsion performance requires achieving
an optimal balance between viscous and elastic forces, which
are influenced by the bending rigidity of the filament, the
viscosity of the surrounding fluid, and the frequency of actua-
tion at the filament end. These general characteristics of
elastohydrodynamic propulsion with end actuation are well
characterized in terms of relevant dimensionless groups
(see more details in Sections 2 and 3 below). Other studies
have also examined how variable bending stiffness,35,36 intrinsic
curvature,37,38 non-Newtonian rheology,39–42 and interactions of
multiple filaments43–45 impact the propulsion performance of
flexible microswimmers.

More recently, researchers have explored the use of a two-
magnet concept in enabling crawling locomotion of soft robots
in natural lumens of the human body.26,46 These endoluminal
soft robots comprise an elastic body attached with two perma-
nent magnets with opposite polarity at its ends (Fig. 1). Under a
rotating magnetic dipole field, these robots develop inchworm-
link crawling gaits. Inspired by this two-magnet concept, we
move beyond the traditional single-magnet arrangement in
flexible microswimmers and explore the design space with
the two-magnet concept applied to elastohydrodynamic propul-
sion in a fluid medium. Specifically, we pose the following
questions: Compared to the traditional single-end actuation
setup, what is the effect on propulsion characteristics when
magnetic actuation is applied at both ends of an elastic
filament? Can the additional magnetic moment be exploited
to enhance propulsion? How do the polarity and relative
strength of the magnetic moments at the filament ends
impact the resulting propulsion performance? In this work,
we consider a minimal model consisting of an elastic fila-
ment driven by point magnetic torques at its two ends to
address these fundamental questions. Our findings reveal new

propulsion behaviors that were previously not observed in the
traditional single-end actuation setup. The idealized problem
setup allows us to gain physical insights into how these new
propulsion behaviors emerge from the complex interplay between
viscous and elastic forces and magnetic actuation in various
configurations.

The paper is organized as follows. In Section 2, we describe the
elastohydrodynamic model and magnetic actuation considered in
our model problem. The problem is non-dimensionalized to
identify relevant dimensionless groups. We then present results
on the propulsion performance as a function of relevant dimen-
sionless groups for elastic filaments driven by magnetic moments
with the same (Section 3A) and opposite (Section 3B) polarities.
In particular, we characterize and discuss in detail new modes of
motion unique to the two-magnet setup in different physical
regimes. In Section 4, we conclude this work with remarks on
its limitations and several potential directions for subsequent
investigations.

2 Problem formulation
2.1 Elastohydrodynamics

We consider the motion of an elastic filament of radius a and
length L in a viscous fluid. The position vector of a point of the
filament neutral line is denoted as x(s,t) = x(s,t)ex + y(s,t)ey,
where sA[0,L] is the arclength along the filament and t is time.
We assume the filament to be slender (a { L) and apply the
resistive force theory47,48 for slender bodies to describe the
hydrodynamic force density along the filament as

fh = � (x>nn + x8tt)�u, (1)

where u = xt is the local velocity, and x8 = 2pm/[ln(L/a) � 1/2] and
x> = 4pm/[ln(L/a) + 1/2] are, respectively, the resistive coeffi-
cients in the tangential and normal directions in a fluid of
dynamic viscosity m.

To model the fluid–structure interaction, we consider a
framework based on a multi-link discretization of the elastic
filament.41,49–51 The filament is discretized by a chain of N rigid
links of equal length c = L/N, which are serially connected by N
� 1 torsional springs with a spring constant k. For the i-th link,
the position vector of its left end is denoted as xi = xiex + yiey.
The unit tangent and normal vectors of the link are denoted,
respectively, as ti = cos yiex + sin yiey and ni = ez � ti, where yi is
the angle between the tangent vector ti and the unit basis vector
ex. Therefore, the position vector along the i-th link is given by
Xi = xi + sti, where sA[0,c] is the arclength along the link. The
discretization is subject to the kinematic constraints between
successive links,

xi+1 = xi+ cti = xi + [c cos yi,c sin yi]. (2)

The hydrodynamic force on the i-th link is therefore given by

Fh
i ¼

ð‘
0

fh Xið Þds; (3)

Fig. 1 A soft endoluminal robot comprises a compliant continuum struc-
ture with two embedded magnets of opposite polarity. Its locomotion is
actuated by an external magnetic field. The soft robot can travel through
lumens of the body for potential biomedical applications. Reproduced with
permission26. Copyright 2020, IEEE.
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and the hydrodynamic torque on the i-th link about xj is
given by

Th
i;j ¼

ð‘
0

Xi � xj
� �

� fh Xið Þds: (4)

At low Reynolds numbers, the multi-link model satisfies the
overall balance of force

XN
i¼1

Fh
i ¼ 0; (5)

and torque

XN
i¼1

Th
i;1 þ Tm

0 þ Tm
L ¼ 0; (6)

in addition to the torque balances on the assembly minus the
n-th link (n = 1,. . .,N � 1)

XN
i¼nþ1

Th
i;nþ1 þ Te

n þ Tm
L ¼ 0: (7)

Here the elastic torque by the torsional spring is given by

Te
n = �k(yn+1 � yn)ez, (8)

and Tm
0 and Tm

L , respectively, denote the magnetic torque at the
left and right ends of the filament. To represent an elastic
filament with bending stiffness A, the spring constant in the
multi-link model can be adjusted as k = AN/L. The kinematic
constraints between successive links (eqn (2)) together with
the force and torque balances (eqn (5)–(7)) form a system of
first-order ordinary differential equations. To determine the
unknown position vectors xi and angles yi, the system of
differential equations is integrated numerically with the initial
condition of a straight filament oriented horizontally using the
MATLAB ode15s solver.

We have validated the multi-link framework against results
based on the continuum description of an elastic filament36

(see Appendix A for more details). The results from the multi-
link model with N = 50 display satisfactory agreement with the
predictions based on the continuum description of an elastic
filament as shown in Fig. 6 in the appendix. Hereafter we use N
= 100 in all simulations in this work.

2.2 Magnetic actuation

To actuate the filament magnetically, we impose a typical
spatially uniform external magnetic field B = bex + b sinotey

considered in previous studies:17,32,41,52,53 the field consists of a
homogeneous static component of strength b in the x-direction
and a sinusoidally oscillating field of amplitude b and fre-
quency o in the y-direction. The resulting magnetic field B thus
oscillates around the x-axis by �451, with a magnitude that

varies between b and
ffiffiffi
2
p

b.
To model the filament driven by two magnets at the ends, we

prescribe a magnetic moment mL = mLt(s = L,t) of strength mL at
the right end and another magnetic moment m0 = �m0t(s = 0,t)
of strength m0 at the left end (see Fig. 2). Here, the positive sign

(+) corresponds to the case where the two magnetic moments
are of the same polarity, whereas the negative sign (�) corre-
sponds to the case where the two magnetic moments are of
opposite polarity. The uniform external magnetic field exerts no
net force, but magnetic torques given by Tm

L = mL � B =
mLb[cos yN sinot � sin yN]ez and Tm

0 = m0 � B = � m0b[cos y1

sinot � sin y1]ez at the two ends of the filament.

2.3 Non-dimensionalization

We non-dimensionalize lengths by L, time by 1/o, and forces by
L2x>o in this problem. Several relevant dimensionless groups
emerge in the non-dimensionalization: the first group
Sp = L(x>o/A)1/4, referred to as the sperm number in the
literature,17,19,33,54,55 compares the magnitudes of the viscous
and elastic torques. Another dimensionless group, Mn = (m0 +
mL)b/L3x>o, a type of Mason number, compares the magni-
tudes of the magnetic and viscous torques. In this work, we
consider a fixed total sum of magnetic strengths at the fila-
ment’s two ends (m0 + mL) and focus on the case when Mn = 1
(i.e., when the magnetic and viscous torques are comparable).
We will examine the propulsion dynamics in this regime by
varying the fraction of the magnetic strength at the left end
(s = 0) of the filament, M0 = m0/(m0 + mL); the limiting cases
M0 = 0 and M0 = 1 reduce to the setup where the filament is
driven at only one end considered in previous works.41,56

We denote similarly the fraction ML = 1 � M0 = mL/(m0 + mL).
Lastly, we employ a drag anisotropy ratio g = x>/x8 = 2 in all
simulations by considering the limiting case of a slender
filament with L/a - N. Hereafter, we consider only dimen-
sionless quantities and use the same symbols as their dimen-
sional counterparts for simplicity.

3 Results and discussion

In this section, we examine the propulsion characteristics of
the elastic filament as a function of the relative flexibility (Sp)
and the magnetic strength fraction (M0). To explore the design

Fig. 2 Schematic diagram of an elastic filament with prescribed magnetic
moments (m0 and mL) at its two ends under an oscillating external
magnetic field B. The elastic filament is discretized by a chain of rigid links
connected by torsional springs.
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space, we consider magnetic moments with same polarity
(Section 3.1) and opposite polarity (Section 3.2) at the two ends
of the filament in the following subsections.

3.1 Magnetic moments with same polarity

We consider the propulsion of an elastic filament driven by
magnetic moments of the same polarity at its two ends.
We quantify the propulsion performance of the filament by
tracking the displacement of its midpoint (s = 1/2) in the
x� direction over one period of magnetic actuation (T), i.e.,
D = x(s = 1/2, t + T) � x(s = 1/2,t). To diminish the initial
transient effect, we report the displacement D after repeated
periods of actuation when t = 24T. In Fig. 3(a), we display D as a
function of the sperm number, Sp, for various magnetic con-
figurations. As a benchmark, we first consider the limiting case
of M0 = 0 [black circles, Fig. 3(a)], which corresponds to
the configuration of an elastic driven at only one end with
ML = 1 � M0 = 1, similar to the setup considered in previous
works.41,56 At low Sp, the filament is relatively stiff with insig-
nificant deformation [Fig. 3(b), Sp = 1]. The largely straight
filament hence undergoes a nearly reciprocal motion following
the magnetic actuation, which leads to ineffective propulsion as
constrained by Purcell’s scallop theorem.14,57 As Sp increases,
the filament becomes more flexible, allowing the development
of more shape deformations along the filament to escape the
time-reversal symmetry in the sequence of motion for propul-
sion [Fig. 3(b), Sp = 2.5]. The propulsion performance reaches a
maximum at Sp E 2.5, before decaying with further increase in
Sp. At higher Sp, the deformation becomes more localized
around the actuated end due to the increased flexibility of the
filament [e.g., see Fig. 3(b), Sp = 5], leading to less effective
propulsion performance in this regime. See ESI,† Movie 1 for an
animation of Fig. 3(b), M0 = 0.

When a second magnetic moment with the same polarity is
present at the left end, the propulsion of the filament exhibits
qualitative features that are similar to the case where M0 = 0, as
shown in Fig. 3(a) for M0 = 0.05 (blue squares), M0 = 0.1 (red
upward triangles), and M0 = 0.3 (green downward triangles).
However, the overall propulsion performance is reduced mono-
tonically as the strength of the magnetic moment at the left end
M0 increases. We can understand this reduction in propulsion
performance by considering the special case of M0 = 0.5: since
the magnetic moments are of the same strength and polarity,
the anti-symmetry of such a magnetic arrangement produces
shape deformations along the filament that are anti-symmetric
about its midpoint [see Fig. 3(d) and the corresponding anima-
tion in ESI,† Movie 1]. Consequently, the left and right halves of
the filament generate propulsive thrusts that are equal in
magnitude but opposite in direction, leading to a net zero
propulsion [Fig. 3(a), gray diamonds]. As M0 increases from 0 to
0.5, the reduction in propulsion performance can therefore be
attributed to the development of increasingly anti-symmetric
deformations along the left half of the filament [see Fig. 3(c)
and the corresponding animation in ESI,† Movie 1], which
generates a growing propulsive thrust that counteracts the
thrust due to the right half of the filament. The physical
mechanism at play can be compared to a tug-of-war between
the thrust generated by the magnetic actuation at the left and
right ends of the filament. This results in the filament propel-
ling in the direction of the stronger magnetic moment, but with
a reduced net driving force.

As a remark, in the above discussion we focus on the cases
with M0A[0,0.5], where the filament always propels in the
positive x-direction (to the right). For cases with M0 4 0.5,
for example M0 = 0.7 and hence ML = 0.3, such a configuration is
equivalent to (with a flip between left and right) the configu-
ration where M0 = 0.3 and ML = 0.7. The filaments therefore

Fig. 3 Propulsion characteristics of the elastic filament with magnetic moments of same polarity. (a) The dimensionless displacement of the filament D
in a single cycle as a function of the sperm number, Sp, at varying levels of relative magnetic strength M0. Panels (b)–(d): the shape of the filament at
different time instants in a cycle (the color of the filament turns from light to dark as time proceeds) at different Sp for (b) M0 = 0, (c) M0 = 0.05, and
(d) M0 = 0.5. Here the red lines display the trajectories of the mid-point of the filament from their initial positions represented by the vertical black lines
over 10 cycles.
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exhibit the same propulsion characteristics in these two cases
but in opposite propulsion directions; i.e., the filament with
M0 = 0.7 and ML = 0.3 propels in the negative x-direction (to the
left). See ESI,† Movie 3 for animations that compare these two
cases. Thus, Fig. 3 provides a comprehensive illustration of the
full range of propulsion dynamics for M0A[0,1].

3.2 Magnetic moments with opposite polarity

We now examine the propulsion of an elastic filament driven by
magnetic moments of opposite polarity at its two ends.
In Fig. 4(a), the filament displacement D for the case of a single
magnetic moment (M0 = 0) is displayed again as a benchmark
(black circles). Unlike the scenario discussed in Section 3.1,
where the magnetic moments have the same polarity, adding a
second magnetic moment with opposite polarity (M0 4 0)
results in a qualitative change in the filament’s propulsion
behavior. New modes of propulsion emerge depending on the
value of Sp as shown in Fig. 4(a). For a given magnetic moment
0 o M0 o 0.5, the filament first exhibits the forward propulsion
mode at small Sp, where it propels in the positive x-direction
(forward) in a manner similar to that observed in Section 3.1.
As Sp increases beyond the forward-mode regime, the filament
then transitions into a new mode of motion referred to as the
backward mode, where the filament propels in the negative x-
direction (backward). A further increase in Sp brings about the
‘‘horseshoe’’ mode, where the filament bends into a ‘‘C’’ or
‘‘horseshoe’’ shape. We discuss these individual modes of
motion in more detail below.

(i) Forward mode. For a given value of M0 o 0.5 (e.g., M0 =
0.05, 0.1, and 0.3 in Fig. 4), the propulsion behavior in the small
Sp regime is qualitatively similar to the case with the same
polarity: As Sp goes to zero, the net displacement of the
filament vanishes as a result of the increasingly stiff filament
undergoing reciprocal motion. As Sp increases from zero, the

flexibility of the filament enables it to propel in the positive
x-direction. In contrast to the scenario when the magnetic
moments have the same polarity, where the optimal values of
Sp for propulsion occur around 2.5 for different values of M0

[Fig. 3(a)], the Sp that maximizes forward propulsion in the case
of opposite polarity depends sensitively on the value of M0,
occurring at Sp E 2 for M0 = 0.05 (blue squares) and Sp E 1 for
M0 = 0.3 (green downward triangles). Although the case of
M0 = 0.05 shows a slight enhancement in D at the optimal Sp
compared to the case of M0 = 0, the propulsion performance
deteriorates with higher values of M0. Furthermore, the regime
of Sp for forward propulsion reduces in size as M0 increases and
disappears entirely when M0 = 0.5, where the filament only
exhibits the ‘‘horseshoe’’ mode (see more discussion below).
The shapes and trajectory of the filament undergoing forward
propulsion are displayed in Fig. 4(b) Sp = 1.7, Fig. 4(c) Sp = 1.5,
and Fig. 4(d) Sp = 1.1. See also ESI,† Movie 2 for the corres-
ponding animations.

(ii) Backward mode. As a new feature unique to the case of
magnetic moments of opposite polarity, the filament inverts its
propulsion direction from forward to backward (negative
x-direction) as Sp increases as depicted in Fig. 4(a). The shapes
and trajectory of the filament exhibiting this backward propul-
sion mode are displayed in Fig. 4(b) Sp = 2.3, Fig. 4(c) Sp = 1.8,
and Fig. 4(d) Sp = 1.2. See also ESI,† Movie 2 for the corres-
ponding animations. The backward propulsion emerges as a
result of an intricate interplay between filament flexibility and
the opposite magnetic actuation of the filament at its two ends.
When a magnetic moment of opposite polarity is added to the
left end of the filament, its orientation is significantly different
from that of the external magnetic field. Even if the magnetic
moment is of a low strength (small M0), the drastic orientation
difference generates relatively large torques and thus deforma-
tions at the filament’s left end when Sp is sufficiently large,

Fig. 4 Propulsion characteristics of the elastic filament with magnetic moments of opposite polarity. (a) The dimensionless displacement of the filament
D in a single cycle as a function of the sperm number, Sp, at varying levels of relative magnetic strength M0. Panels (b)–(d): the shape of the filament at
different time instants in a cycle (the color of the filament turns from light to dark as time proceeds) at different Sp for (b) M0 = 0.05, (c) M0 = 0.1, and
(d) M0 = 0.3. Here the red lines display the trajectories of the mid-point of the filament from their initial positions represented by the vertical black lines
over 10 cycles.

Soft Matter Paper

Pu
bl

is
he

d 
on

 0
8 

Se
pt

em
be

r 
20

23
. D

ow
nl

oa
de

d 
by

 U
ni

ve
rs

ity
 o

f 
U

ta
h 

on
 9

/1
9/

20
23

 1
0:

00
:1

6 
PM

. 
View Article Online

https://doi.org/10.1039/d3sm00464c


Soft Matter This journal is © The Royal Society of Chemistry 2023

driving the propulsion of the filament toward the left (negative
x-direction). A stronger magnetic moment M0 further increases
the magnitude of the torque at the filament’s left end and thereby
enables the occurrence of backward propulsion at a smaller Sp (a
relatively stiffer filament) as shown in Fig. 4(a). We also note that
for a given value of M0, although backward propulsion only occurs
within a relatively small regime of Sp, the filament can propel
more effectively [a larger displacement per period D as shown in
Fig. 4(a)] in the backward mode than in the forward mode.
Compared to the maximum possible displacement generated by
a single magnetic moment (D E 0.1 for M0 = 0), the addition of a
magnetic moment with opposite polarity enables the filament to
produce approximately 50% more displacement in the backward
mode (D E �0.15 for M0 = 0.05 and M0 = 0.1).

(iii) ‘‘Horseshoe’’ mode. As Sp increases beyond the back-
ward mode regime, the filament transitions into another new
mode of motion (referred to as the ‘‘horseshoe’’ mode) with
only small positive displacements, as shown in Fig. 4(a). In this
‘‘horseshoe’’ mode, the relative flexibility of the filament
increases to the point where the magnetic moment at its left
end can drive it to bend significantly into a ‘‘horseshoe’’ shape
so that both magnetic moments largely align with the external
magnetic field, as shown in Fig. 4(b) Sp = 5, Fig. 4(c) Sp = 3, and
Fig. 4(d) Sp = 2. See ESI,† Movie 2 for the correspond-
ing animations. These ‘‘horseshoes’’ rock back and forth in
response to the oscillating external magnetic field, giving rise to

ineffective but non-zero propulsion in the positive x-direction for
different values of M0 as shown in Fig. 4(a). When M0 = 0.5, the
magnetic moment becomes strong enough to drive the significant
re-orientation of the left end of the filament, which is necessary
for inducing the ‘‘horseshoe’’ mode, even when the filament is
relatively stiff. The filament hence only undergoes the ‘‘horse-
shoe’’ mode in the full range of Sp shown in Fig. 4(a) with
minimal positive displacements, without exhibiting the forward
and backward propulsion modes described above.

As a remark, similar to the case for magnetic moments of
the same polarity, here we focus on the results for M0A[0,0.5].
When M0 4 0.5, for example M0 = 0.7 and hence ML = 0.3, due
to the larger magnetic moment at the left end of the filament,
the filament will initially re-orient itself by rotating close to 1801
so that the larger magnetic moment aligns more favorably with
the external magnetic field. The re-orientation process causes
the left and right sides of the filament to switch positions,
resulting in the same magnetic configuration and hence the
same propulsion behavior as the case of M0 = 0.3 and ML = 0.7
depicted in Fig. 4(a). See ESI,† Movie 4 for animations that
illustrate the initial re-orientation process and compare the
propulsion behavior in these two cases. In other words, apart
from the initial re-orientation process, the propulsion charac-
teristics of configurations with M0 = c 4 0.5 are essentially
identical to those of their corresponding cases with M0 =
1 � c o 0.5.

Fig. 5 Deformation of the filament with magnetic moments of opposite polarity. The shape of the filament at different time instants in a cycle (the color
of the filament turns from light to dark as time proceeds) at different Sp for (a) M0 = 0, (b) M0 = 0.05, (c) M0 = 0.1, (d) M0 = 0.3, and (e) M0 = 0.5. Here the
red lines display the trajectories of the mid-point of the filament from their initial positions represented by the vertical black lines over 10 cycles.
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Fig. 5 presents an overview of the propulsion behavior of the
filament with magnetic moments with opposite polarity at its
two ends. To summarize, only a single mode of propulsion is
observed for the limiting cases of M0 = 0 (the forward mode)
and M0 = 0.5 (the ‘‘horseshoe’’ mode). For other magnetic
strengths 0 o M0 o 0.5, as the filament becomes relatively
more flexible (increasing Sp), it undergoes a transition from
the forward mode to the backward mode and ultimately to
the ‘‘horseshoe’’ mode. Among these modes of propulsion, the
backward mode can generate the most filament displacement
in one period, while the ‘‘horseshoe’’ mode is the least effective
in terms of the magnitude of propulsion.

4 Concluding remarks

In this work, we investigated the propulsion characteristics of
an elastic filament driven by magnetic moments at its two ends.
To explore the design space, we examined filaments with
varying relative stiffness, as well as magnetic moments with
different polarities and magnitudes. Compared to a filament
driven by a single magnetic moment at one end, our results
show that adding a magnetic moment of the same polarity does
not alter the qualitative propulsion behavior, but consistently
reduces propulsion magnitude as the strength of the added
magnetic moment increases. In stark contrast, adding a mag-
netic moment of the opposite polarity leads to the emergence of
previously unobserved modes of elastohydrodynamic propul-
sion at different regimes of Sp, referred to as the forward,
backward, and ‘‘horseshoe’’ modes. In particular, the filament
in the backward mode can generate the largest magnitude of
propulsion unattainable by a single magnetic moment alone.
These findings could guide the development of soft microro-
bots that can propel more effectively and perform more
complex maneuvers (e.g., bi-directional propulsion) by modu-
lating the magnetic actuation (e.g., the magnetic strength and
actuation frequency) and/or the effective bending stiffness of
the flexible structure.

The idealized problem setup enables us to rationalize the
elastohydrodynamic behavior of the filament by unraveling the
complex interplay between the viscous and elastic forces with
the magnetic actuation in different configurations. We remark
on several limitations resulting from the idealizations, which
indicate possible avenues for future investigations. First, in this
work we limit our consideration to point magnetic torques
and ignore any hydrodynamic influences from the magnetic
materials used in experimental realization. As a simplifying
assumption, this approach provides a reasonable approxi-
mation when the magnetic materials’ size is small compared
to the characteristic lengths in the setup. We also assumed a
spatially uniform external magnetic field in this work, while
permanent magnets with dipolar fields may be used in
experiments.26,46 In the latter case, the propulsion performance
of the elastic filament may also depend on its proximity to the
actuating permanent magnet. Future studies should examine
how spatially varying magnetic fields impact the propulsion

performance of elastic swimmers. Second, here, we model the
hydrodynamics of the filament using the resistive force theory,
a local drag model that assumes negligible non-local hydro-
dynamic interactions between different parts of the filament
when they are sufficiently well separated. However, for more
complex geometries where parts of the body come into close
proximity, a non-local slender body theory58,59 is required to
accurately capture the dynamics. Third, our investigation has
focused on the case when the Mason number is equal to unity,
where the sum of the magnetic torques are comparable to
viscous torques, and uncovered some interesting new propul-
sion behaviors in this specific regime. A more comprehensive
study characterizing the dynamics in different regimes of the
Mason number should be pursued in future work. Finally, we
consider a Newtonian fluid medium in this work, while many
biological fluids display complex (non-Newtonian) rheology
including viscoelasticity and shear-thinning viscosity.60–62

Further investigation into how different non-Newtonian rheo-
logical behaviors impact the propulsion of the two-magnet
configuration considered here could offer valuable insights
for future biomedical applications of soft microswimmers.
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Appendix

A Validation of the multi-link model

In this appendix, we validate the multi-link model by compar-
ing its numerical results against results based on a continuum

Fig. 6 The propulsive thrust Fp/e2 generated by an elastic filament oscil-
lated harmonically at one end as a function of the sperm number Sp with
e = 0.1. Numerical results from the multi-link model with N = 50 (blue
circles) display satisfactory agreements with previous asymptotic results
based on a continuum description of the elastic filament36 (black
solid line).
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description of the elastic filament reported in a previous
asymptotic analysis.36 We consider an elastic filament under-
going a harmonic oscillation at one of its ends as y(0,t) = e sin t,
where e is the dimensionless oscillation amplitude. The average
propulsive thrust (in x-direction) generated by the boundary
actuation can be calculated by integrating the hydrodynamic

force along the filament, Fp ¼ � ex �
Ð 1
0
fhds

D E
; where the angle

brackets denote time averaging over a period of actuation. For
small amplitude oscillations (e { 1), the propulsive thrust can
be expanded asymptotically in e as Fp B e2F(2)

p + O(e4), because
the odd powers vanish by the e- �e symmetry. The leading-
order propulsive thrust can be calculated asymptotically from
the filament shape (we refer interested readers to the mathe-
matical details in ref. 36) and the results are shown in Fig. 6
(black solid line) as a function of Sp. We use the multi-link
model described in Section 2.1 with N = 50 to generate the
corresponding numerical results (blue circles), which display
satisfactory agreements with the asymptotic results based on a
continuum description of the elastic filament.
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