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Short Paper

Addendum to “Dimensional Reduction for 6D Vibrotactile Display”

Ruisi Zhang ™, Student Member, IEEE, Trevor J. Schwehr, and Jake J. Abbott

Abstract—In our recent article, we found a general quadratic weighting function
to predict how a six-dimensional (6D) vibrotactile stimulus rendered at the haptic
interaction point (HIP) of a kinesthetic haptic interface, with the stylus held in a
precision pen-hold grasp, is mapped to an equivalent one-dimensional (1D) stimulus
that is normalized by the detection threshold. However, in that work we did not
constrain the weighting function to be positive semidefinite, and as a result, the
model will not generalize well to all future 6D inputs. In this addendum, we
reconsider the original data set, incorporating the positive-semidefinite constraint.
We find that as few as four independent parameters are required to describe the
coupling, and the model has one fewer coupling term than originally proposed. We
also describe the process of fitting a positive-semidefinite function to a new stylus at
some specific excitation frequency.

Index Terms—High-frequency vibrations, pen-hold grasp, tool-mediated vibro-
tactile perception, untethered magnetic haptic interface.

1. INTRODUCTION

In our recent article [1], we explored how a six-dimensional
(6D) vibrotactile stimulus rendered at the haptic interaction point
(HIP) of a kinesthetic haptic interface, with the stylus held in a
precision pen-hold grasp, can be mapped to a haptically equiva-
lent 1D stimulus that is normalized by the detection threshold
(i.e., a 6D stimulus at the detection threshold maps to a unit-mag-
nitude 1D stimulus). This knowledge will enable maximizing the
efficiency of vibrotactile display for any given haptic interface.
In [1], we gathered a large human-subjects data set in which we
determined detection thresholds for 45 configurations representing
distinct combinations of three orthogonal forces and three orthog-
onal torques rendered at the HIP, at a single frequency of 108 Hz
(corresponding to the peak sensitivity in an earlier study). Using
this data set, we found a general quadratic weighting function of
the form

P=vV'wWv )

to predict the 1D normalized stimulus (i.e., the detection threshold
is indicated by P = 1) for a given 6D vibrotactile stimulus, where
V=I[fsfy -t 7y rz]T is the signed magnitudes of the 6D vibro-
tactile stimulus at a given frequency (using the coordinate system
defined in Fig. 1), and W is a 6 x 6 symmetric weighting
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matrix whose elements serve a dual purpose of normalizing the
stimulus values and describing the coupling between the six
orthogonal components at the HIP. For brevity, we refer the reader
to [1] for a critical review of related prior work, and details of the
experiment with 12 human subjects that was used to gather the
data set.

We have subsequently come to the realization that the weight-
ing matrix should be constrained to be positive semidefinite. Oth-
erwise, it will be possible to give a new 6D vibrotactile stimulus
for which the model predicts a 1D normalized stimulus that is neg-
ative, which is nonsensical. That is, the model will not generalize
sufficiently well to new data. In this addendum, we impose the
positive-semidefinite constraint on our weighting matrix, using the
same data set from [1]. Including this constraint increases the
complexity of solving for W, so we were not able to apply the
same methodology that we used in [1] to solve for W while avoid-
ing fitting an overly complex model to the data. Instead, we apply
methodologies from machine learning [2] to avoid over-fitting
while solving for W, which we believe to be superior to our previ-
ous methodology. In the end, our conclusions about the structure
of W are slightly different than our conclusions in [1], and we
enumerate those differences.

II. SOLVING FOR A POSITIVE-SEMIDEFINITE W

A positive-semidefinite matrix 1/ can be decomposed using the Cho-
lesky decomposition, W = LLT, where L is a lower-triangular matrix.
A 6 x 6 positive-semidefinite W matrix has only 21 independent
parameters due to its symmetry, and that fact is explicitly encoded in the
21 elements in its associated L matrix:

Ly 0 0 0 0 0
Loy Lo 0 0 0 0
Ly L3y Lz 0 0 0
L= 2
Ly Ly Lys Ly O 0 @
Lsi Lss Ls3 Lsy Lss O
Lot Le2 Les Les Les Les
We can also pack these parameters into a 21 x 1 array as
A=[Ly - Lg Log---Leg -+ -+ -+ Leg)" (3

For a data set comprising N 6D best-estimate-threshold (BET)
stimuli Vj, we can use the gradient-descent method in Algorithm 1 to
solve for the L that minimizes the sum-of-squares error (SSE), which
assumes a log ;, mapping (based on Stevens’ power law [3]) from
skin-absorbed power to stimulus intensity:

SSE = 3 (log 1, P)*, @)
-
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Fig. 1. Stylus of the untethered magnetic haptic interface used in the original study [1],
held in a precision pen-hold grasp. Forces and torques are applied at the haptic interaction
point (HIP). The coordinate system used defines = along the stylus, y pointing upward,
and z pointing toward the subject when the stylus is held in front of the subject as shown.
This coordinate system should be viewed as constant in the frame of the hand, not the
stylus.

A. Eliminating Independent Parameters in L

We would like to avoid over-fitting a model to our data set
because an over-fit model will not generalize well to future data.
To this end, we begin with the model with 21 independent ele-
ments as in (2), and attempt to eliminate each of the off-diagonal
elements (i.e., set them equal to zero) one by one, starting from
Loy, moving down the first column, and then repeating column
by column until reaching Lgs; this strategy is motivated by the
structure of the W matrix associated with L (see Appendix III).
For each of these element tests, we compare the SSE of the
model with the term eliminated versus the SSE from the previous
best model. We use a 12-fold cross-validation method in which
we use the N = 495 training data from 11 of the subjects to fit a
model, and we leave one subject out as our validation data set
from which the SSE is calculated, and repeat until each of the 12
subjects has been used as the validation set [2]. A given element
is eliminated if the average SSE of the 12 validation sets
decreases when the element has been eliminated, indicating that
the new reduced L matrix is more robust at predicting data that
was not included in the training set.

When using Algorithm 1, we establish the initial condition L
by explicitly solving for a diagonal L to give just the diagonal
terms in W (which are found from the first six of our 45 configu-
rations). We use a tolerance € = 1.0e—10, a step size y =0.1, a
finite difference § = 1.0e—10, and a maximum number of itera-
tions of 7. = 1.0e6.

Figure 2 shows the results for the average validation SSE as we
eliminate independent parameters in L. The resulting L matrix has
just eight parameters: L1y, Loo, Lso, L33, Laa, Lss, Lss, and L.

Next, using the reduced L matrix above, we use the same 12-
fold cross-validation method to evaluate if the model can be fur-
ther simplified with two additional constraints as suggested by
our study in [4]: Wy = W33 and Wy5 = Wes. These constraints
are each premised on the respective symmetry in the stylus (see
Section II-C for more on this). These constraints are converted
into constraints on the remaining terms of L as L3, = L3, + L3,
and L%, = L%, + L2, respectively (see Appendix III). As indi-
cated in Fig. 2, both of these constraints lead to a further reduc-
tion in the average validation SSE.

Finally, we observed that L33 was many orders of magnitude
smaller than the other remaining terms, so we hypothesized that it
could also be eliminated. As indicated in Fig. 2, this leads to a further
reduction in the average validation SSE.

B. Final Model

The resulting final L matrix has five independent parameters—
L11, L3o, Ly, L5y, and Lss—as well as the constraints Loy = L3

(i.ﬁ., W22 = I/V;;;;) and L66 = Q/Lg4 + Lg5 (i.e., W55 = Wﬁﬁ). After
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Fig. 2. Process for eliminating independent elements of L, from left to right. From Lg;
to Lgs, each entry L;; shows the average validation SSE after that element is set equal to
zero. The entries Loy and Lgg show the average validation SSE after those elements are
constrained as L3, = L3, + L2, and L; = L2, + LZ;, respectively. Note that the aver-
age validation SSE values for the original 21-parameter model and the models that
eliminated L3» and L4 are off the chart.

fitting this five-parameter L to the full 12-subject data set (/N = 540),
our final positive-semidefinite W = LLT is:

2.6e6 0 0 0 0 0
0 3.3e6  3.3e6 0 0 0
0 3.3e6  3.3e6 0 0 0
W= 0 0 0 8.1el0 6.6e8 0 ©)
0 0 0 6.6e8  5.2e8 0
0 0 0 0 0 5.2e8

where the upper-left 3 x 3 block has units N2 and the lower-right
3 x 3 block has units N~2. m~2, The final weighting matrix has five
independent weights: one weight for each of the the f, and t, modes,
one common weight for the f, and f. modes as well as their coupling
term, one common weight for the 7, and 7. modes, and a coupling
term between 7, and 7,,.

Using this final five-parameter weighting matrix, we compute the
predicted normalized skin-absorbed power for the full data set com-
prising 45 configurations and 12 subjects; the results are shown in
Fig. 3. We report the predicted normalized skin-absorbed power in a
log |, scale, since our cutaneous system perceives vibrotactile stimuli
in this scale based on Stevens’ power law [3]. Note that log ,(P) >
0 predicts a stimulus being above the detection threshold, and
log 1o(P) < 0 predicts a stimulus being below the detection thresh-
old, whereas the actual data represents BET values. Qualitatively, the
model does a good job of capturing the thresholds obtained across
configurations, with the vast majority of data grouped near

log 1o(P) = 0; intersubject variance remains, which is unavoidable
for any one-size-fits-all model.

C. Discussion

Recall that the numerical values in (5) are for our specific stylus,
excited at 108 Hz. For a different stylus and/or different frequency,
the values in the L matrix can be determined using the same proce-
dure described here, with W = LL".

It is our conjecture that a simpler fitting procedure may be
possible with only knowledge of the diagonal elements of W,
now that we are equipped with the form of the L and W matri-
ces. It is possible to experimentally determine Wj;, Wss and/or
Wiz, Wiy, and Ws5 and/or Wig. It is our conjecture that setting
Waz = Way = /Woo W33 and Wy5 = Wiy = 0.102y/ Wy W5 will
maintain the same relative coupling relationships between f, and
f- and between 1, and t,, respectively. In this case, as few as
four experiments would be required to characterize a new stylus
and/or new frequency.

In [4], we experimentally determined the detection threshold
values across a wide range of frequencies (20-250 Hz), for the
same stylus used here, in each of six orthogonal modes indepen-
dently. That is, we know the values for each of the diagonal
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Fig. 3. Box-whisker plot showing estimated normalized skin-absorbed power in a log ;, scale using our proposed six-parameter W, for all 45 configurations (at 108 Hz) and

12 subjects tested. A perfect model would result in an estimated value of O (indicated with a blue line).

Algorithm 1: Solve for L using gradient-descent method
Input:Training data set V' with N training data, initial condition L,
step size y, tolerance €, maximum number of iterations 4,,,y, finite-
difference value 4, set of constraints to impose on L

1: ProcedurelL

2: L+ L

3:  forj«—1to Ndo ~

& Gy(j) — log (V) LLTV)) >P=VILLTY,
5:  end for

6: SSEp GJGO

ik A(]<—[L11"'L61L22"'L62"'"""LﬁdT

8: fori < 1 to 7. do

9: forj — 1 to N >build Jacobian dG /A
10: for £ — 1 to 21 do

11: Af — A,j,l

12: Ay — A

13: Ap(k) — Ap(k) + 6 D> forward difference
14: Construct Ly using Ay and impose L constraints

15: Ay(k) — Ap(k) =8 >>backward difference
16: Construct L, using Ay and impose L constraints

17: Ty IOgm(V]'TLfL;Vi);Sl()glo(VJ'TLbLhTV.i)

18: end for

19:  end for
20 A=A —pJ Gy > gradient descent

21:  Construct L using A; and impose L constraints
22:  forj < 1to N do

23: Gi(j) — logw(ViTLLTVj)

24:  end for '

25: SSE, — GTG,

26:  if||SSE; — SSE;_1|| < ethen

27: return L [>end if tolerance reached
28: end if
29:  end for
30: Return L >end if max iterations reached

31: end procedure

elements of W at each frequency tested. Using the simple fitting
procedure described above, one could approximate the complete
W matrix at each frequency tested for the stylus used in this paper
and [4]. One could also interpolate values at frequencies not
tested.

Many styluses are approximately radially symmetric, as ours was
in this study, but it should be possible to apply the modeling in this
work to an asymmetric stylus. We would not expect the Way = Wi
and W5 = Wy constraints to hold in general for an asymmetric sty-
lus. The equivalent constraints on L would thus be removed, requir-
ing up to two addition independent parameters. It is our conjecture
that the simplified fitting procedure described above would still

apply.

III. COMPARISON TO PREVIOUS RESULTS

For comparison, the final weighting matrix proposed in [1] is

1.5e7 0 0 0 0 0
0 2.2e7  4.8e7 0 0 0
0 4.8¢7  2.2e7T —1.2€9 0 0
W= 0 0 —1.2¢9 2.0e10 2.0e9 0 ©
0 0 0 2.0e9  T7.8e7 0
0 0 0 0 0 7.8e7

with the same units as (5). Note: there is typo in exponent values
in [1] due to an error in unit conversion, which has been cor-
rected in (6). There is a coupling term between f, and t,, which
we do not see in (5). In a sense, that coupling term was over-fit-
ting the data, since W was not positive semidefinite. There are
other differences between the two studies that result in changes
in the numerical values of W. Our study in [1] eliminated off-
diagonal elements of W based on their statistical significance
with a (somewhat arbitrary) significance of o = 0.1, which our
current method does not require. In fitting the final model to the 12-sub-
ject data set, our study in [1] used only the median BET of each config-
uration as the training set (N = 45), whereas our current method uses
the BETSs for the entire data set (N = 540). Finally, our study in [1]
found an optimal model by minimizing error in a linear scale, whereas
our current method minimizes error in a log , scale, which better
matches human sensory perception. If we compare the results of Fig. 3
to the analogous results in [1], we find that the results are qualitatively
very similar. That is, although we expect the model with the positive-
semidefinite constraint to result in a higher overall error, the difference
appears negligible.

APPENDIX A
CHOLESKY DECOMPOSITION W = LL"

The symmetric W matrix resulting from the L matrix in (2) is:

Wi = L, (7)
W12 = W21 = L11L21 (8)
W13 = W31 = L11L31 (9)
W14 = W41 = L11L41 (10)
W15 = W51 = L11L51 (11)
W16 = W61 = L11L61 (12)
Wa = L, + L, (13)
WQ.‘S = W32 = L21L31 + L22L32 (]4)
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Way = Wis = Loy Luy + Lag Lo

Was = Wsa = LoiLs1 + Lao Lo

Wag = Wea = La1 Le1 + Lao L2

Wiy = L§1 + ng + ng

Way = Wyg = La1 Luy + Laa Lo + Lag Las

Wss = Wss = L1 Lsi + LsaLsa + LasLss

Ws6 = Wes = Ls1Le1 + LsaLe2 + LssLes

Wi = L?u + LZZ + LZ:; + L?m

Wys = Wiy = Ly1 Lsy + Ly Lsy + LygLsz + LysLsy

Wis = Wea = L Le1 + Las L2 + LagLes + LaaLes

5 = Lgl + L§2 + L§3 + L§4 + L§5

Wse = Wes = LsiLe1 + LsaLe2 + Lsg Les + LsaLea
+ Lss Les

Wes = L(231 + L<232 + L(233 + L§4 + L§5 + L(236

S

(1
(2]

(31

(4]
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