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Five-degree-of-freedom manipulation of an
untethered magnetic device in fluid using a
single permanent magnet with application
in stomach capsule endoscopy

Arthur W. Mahoney1 and Jake J. Abbott2

Abstract

This paper demonstrates magnetic three-degree-of-freedom (3-DOF) closed-loop position and 2-DOF open-loop orienta-

tion control of a mockup magnetic capsule endoscope in fluid with a single permanent magnet positioned by a commer-

cial 6-DOF robotic manipulator, using feedback of only the 3-DOF capsule position measured by a localization system,

with application in capsule endoscopy of a fluid-distended stomach. We analyze the kinematics of magnetic manipulation

using a single permanent magnet as the end-effector of a serial-link robot manipulator, and we formulate a control

method that enables the capsule’s position and direction to be controlled when the robot manipulator is not in a kinematic

singularity, and that sacrifices control over the capsule’s direction to maintain control over the capsule’s position when

the manipulator enters a singularity. We demonstrate the method’s robustness to a reduced control rate of 25 Hz, reduced

localization rates down to 30 Hz, deviation in the applied magnetic field from that expected, and the presence of manipu-

lator singularities. Five-DOF manipulation of an untethered magnetic device has been previously demonstrated by elec-

tromagnetic systems only.
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1. Introduction

Untethered devices that derive their power from externally

applied magnetic fields have been an active area of research

due to their potential for accessing hard-to-reach areas of

the human body (Gillies et al., 1994; Nelson et al., 2010).

These devices, which consist of a magnetic body rigidly

attached to a functional structure, are particularly promising

for use in the gastrointestinal (GI) system, where an unteth-

ered magnetic capsule endoscope could be used to actively

image the GI system, making current GI screening proce-

dures faster, safer, and less invasive (Valdastri et al.,

2012b). Untethered magnetic devices range in size from the

microscale to the mesoscale and are being applied to surgi-

cal tasks in the eye (Kummer et al., 2010), in vasculature

(Martel et al., 2007), and other hard-to-reach areas of the

human body (Ishiyama et al., 2003; Mahoney et al., 2012).

Irrespective of application, untethered magnetic devices are

often viewed as end-effectors to a larger robotic system that

could consist of an arrangement of stationary electromag-

nets, or in the case of this paper, a single permanent magnet

positioned in space with a robot manipulator.

There exist a variety of methods for employing magnetic

force and/or magnetic torque to control untethered mag-

netic devices. Some methods apply magnetic force for pull-

ing (Gauthier and Piat, 2006; Ciuti et al., 2010b; Keller

et al., 2010; Swain et al., 2010; Lien et al., 2012; Tognarelli

et al., 2012; Valdastri et al., 2012a; Arezzo et al., 2013).

Others employ magnetic torque to generate rotation that is

converted into propulsion by rolling (Hou et al., 2010;

Jiang et al., 2010; Mahoney and Abbott, 2011; Yim and

Sitti, 2012) or through a chiral structure (Ishiyama et al.,

2003; Zhang et al., 2009; Fountain et al., 2010; Mahoney

et al., 2011; Kim et al., 2012). Magnetic force and torque

can also be applied simultaneously toward direct propulsion

(Mahoney and Abbott, 2014b).
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Irrespective of the form of propulsion, an untethered

device containing a single permanent magnet can be con-

trolled with at most five degrees of freedom (DOFs), with-

out additional externally applied nonmagnetic forces. To

date, three electromagnetic systems have been developed

with the ability to perform 5-DOF magnetic manipulation:

the OctoMag (Kummer et al., 2010) and Magnetecs

(Nguyen et al., 2010) systems consist of eight

ferromagnetic-core electromagnets arranged around a

hemisphere and sphere, respectively, directed inward

toward the manipulation workspace, and a system devel-

oped jointly by Olympus and Siemens, consisting of 12

electromagnets through which a patient is positioned, for

the control of a magnetic capsule endoscope in a water-

filled stomach (Keller et al., 2012). The OctoMag system,

and similar designs, have been used to control a

millimeter-scale untethered device in the eye (Ullrich et al.,

2013), nanostructures in fluid (Schuerle et al., 2013), and

multiple, heterogeneous, millimeter-scale devices in an

independent fashion (Diller et al., 2013). The Magnetecs

system has been used to steer a magnetic cardiac catheter

in in vivo porcine experiments (Gang et al., 2011). The

Olympus–Siemens system has been used in in vivo porcine

experiments and human clinical trials (Rey et al., 2010,

2012; Mewes et al., 2013). Six-DOF electromagnetic con-

trol of an untethered device containing two non-collocated

permanent magnets has been demonstrated in Berkelman

and Dzadovsky (2013). The work presented in this paper

focuses on the control of devices that contain one perma-

nent magnet.

Compared to electromagnetic actuation systems,

permanent-magnet systems are desirable in that they gener-

ate magnetic fields that can apply clinically relevant forces

and torques to a magnetic device, inexpensively and in a

compact form-factor. Whereas electromagnetic systems can

be designed to generate magnetic fields that are easy to

control, permanent-magnet systems (particularly those that

employ a single permanent magnet) have been hindered by

the complex geometry of the dipole field that they produce.

Actuation strategies that employ a single permanent magnet

can be classified into two categories: those that use con-

tinuously rotating magnetic fields and those that do not.

Continuously rotating magnetic fields can be produced

by continuously rotating a permanent magnet. Actuation

methods that employ continuously rotating fields generally

propel via rolling or helical propulsion using magnetic tor-

que, which is continuously generated by the rotating mag-

netic field. In Hou et al. (2010) and Jiang et al. (2010), a

microscale untethered magnetic device is made to roll on a

surface using a rotating permanent magnet. In Yim and Sitti

(2012), a rotating permanent magnet is used to roll a

centimeter-scale soft-endoscope device in the interior of a

stomach simulator. Other work has employed a rotating per-

manent magnet to drive a mockup capsule endoscope, func-

tionalized with a helical thread, and a helical swimmer in a

lumen (Fountain et al., 2010; Kim et al., 2012; Mahoney

and Abbott, 2014b).

In the preceding examples, the magnetic force generated

between the rotating magnetic device and the rotating per-

manent magnet tends to attract the device toward the rotat-

ing magnet. By rotating the actuator magnet in a specific,

predefined manner, Mahoney and Abbott (2011) demon-

strated that the magnetic force applied to a rolling device

can be directed laterally in the direction of propulsion (per-

pendicular to the attractive direction). Fountain et al.

employed a rotating permanent magnet to actuate

millimeter-scale helical swimmers through a lumen and

demonstrated that in specific configurations the applied

magnetic force can be eliminated when rotating the perma-

nent magnet actuator at the highest frequency that the

swimmer can remained synchronized (Fountain et al.,

2010). A generalized model that predicts both of the phe-

nomena described above was developed in Mahoney et al.

(2013).

Methods of actuation that do not employ continuously

rotating fields utilize the applied magnetic force produced

between the actuator magnet and the untethered device for

propulsion via dragging and orient the untethered device

using the applied magnetic torque. In Keller et al. (2010,

2011), Swain et al. (2010) and Lien et al. (2012), a perma-

nent magnet is positioned by hand to drag a capsule endo-

scope in the human esophagus and stomach. In similar

work to that presented herein, a permanent magnet is man-

euvered by a robot manipulator for the control of an unteth-

ered capsule endoscope (Ciuti et al., 2010a,b; Valdastri

et al., 2012a). A similar system is used in Tognarelli et al.

(2012) to demonstrate pulling an untethered device through

vasculature with the addition of a second robot manipulator

used to obtain ultrasound position feedback. Whether the

actuator magnet is positioned manually or using a robot

manipulator, all prior work has achieved at most 4-DOF

control over the untethered device (i.e. 2-DOF orientation

control and 2-DOF position control), since the untethered

device always must be in contact with a tissue surface.

In this paper, we present a demonstration of 2-DOF

orientation and 3-DOF position control of a mockup mag-

netic capsule endoscope in fluid using a single permanent

magnet maneuvered by a robotic manipulator (5-DOF mag-

netic manipulation has been previously demonstrated by

electromagnetic systems only). The magnetic force controls

the total force (the sum of forces due to gravity, buoyancy,

and the magnetics) acting on the capsule and thus the cap-

sule’s position, while the applied magnetic torque controls

the capsule’s heading. The magnetic force and torque are

controlled by adjusting the position and orientation of the

actuator magnet using only knowledge of the 3-DOF cap-

sule position, obtained with a localization system. The

mockup capsule is actuated in fluid, which simulates the

environment of a fluid-distended stomach (pre-procedure

consumption of fluid, rather than air insufflation, has been

used successfully in human trials to open gastric folds for

visualization during magnetic capsule endoscopy; Rey

et al., 2010, 2012). A preliminary form of this work

appeared in Mahoney and Abbott (2013) and in a more
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detailed form in Mahoney and Abbott (2014a). This paper

includes additional analysis and a detailed description of a

control strategy that incorporates the physical limitations of

the robot manipulator used to maneuver the actuator mag-

net. We demonstrate the control method’s robustness to

reduced capsule localization rates (down to 30 Hz ) and

deviation of the applied magnetic field from that expected,

while updating the actuator magnet’s pose at 25 Hz.

Although the work presented herein is targeted at magnetic

capsule endoscopy in a fluid-filled stomach, the methods

can be applied to magnetic manipulation in general.

2. Control with a single permanent magnet

We follow the convention where scalars are denoted by

lower-case, standard font (e.g. c), vectors are denoted in

lower-case, bold font (e.g. x), and matrices are denoted by

capital, standard font (e.g. M). Unit vectors are denoted

with the ‘hat’ symbol (e.g. x̂), and time derivatives are

denoted by the ‘dot’ symbol (e.g. _x). Nondimensionalized

variables are denoted by the ‘tilde’ symbol (e.g. ~c for sca-

lars, ~M for matrices).

The capsule endoscope is assumed to contain a perma-

nent magnet, positioned at the capsule’s center of gravity,

with its dipole moment (i.e. the vector from the south to

north pole) denoted by mc 2 R
3 in units A�m2, which is

assumed to be parallel to the capsule’s principle axis. The

actuator magnet’s dipole moment is denoted by ma 2 R
3

and is positioned by a robotic manipulator with at least five

DOFs; rotation of the actuator magnet about ma is of no

value, due to the axial symmetry of the dipole field. The

positions of the actuator and capsule-endoscope magnet

centers are denoted by pa 2 R
3 and pc 2 R

3, respectively,

in units m.

We assume that the magnetic field h(p, m̂a) 2 R
3 gener-

ated by the actuator magnet can be modeled by the point-

dipole model, which is given by

h(p, m̂a)=
mak k

4p pk k3
D(p̂)m̂a ð1Þ

where p = pc 2 pa is the vector from the center of the

actuator magnet to the center of the capsule’s magnet (i.e.

the relative position), D(p̂)= 3p̂p̂
T � I , and I 2 R

3× 3 is

the identity matrix. Since the magnitudes of ma and mc are

constant (they are the dipole moments of permanent mag-

nets), we express all functions of ma and mc as functions

of m̂a and m̂c to explicitly indicate that their magnitudes do

not vary. The field lines generated by the point-dipole

model are shown in Figure 1(a). Equation (1) exactly pre-

dicts the field produced by a spherical magnet and is an

approximation for every other geometry that becomes more

accurate with increasing distance (Furlani, 2001). The geo-

metry of a nonspherical magnet can be adjusted to make

equation (1) a more accurate approximation in the near

field (Petruska and Abbott, 2013). In this section, we

assume that the dipole field accurately models the field of

the actuator magnet.

The robot manipulator’s n revolute and prismatic joint

velocities _q 2 R
n, in units of rad/s and m/s, respectively,

are mapped to the actuator magnet’s spatial _pa and angular

va velocities by the robot manipulator Jacobian matrix

JR(q) 2 R
6× n:

_pa
va

� �
= JR(q) _q ð2Þ

The point-dipole field (1) is radially symmetric about

the actuator dipole moment and any component of va in

the direction of m̂a produces no change in the magnetic

field applied to the capsule. As a result, the robot manipu-

lator Jacobian JR(q) can be converted into an actuator

magnet Jacobian matrix JA(q) that maps manipulator joint

velocity _q to the actuator magnet’s spatial velocity _pa and

the actuator dipole moment’s directional velocity
_̂ma = va × m̂a, with no contribution from the component

of va parallel to m̂a, by

_pa
_̂ma

� �
=

I 0

0 S(m̂a)
T

� �
JR(q) _q= JA(q) _q ð3Þ

where S(m̂a) 2 so(3) is the skew-symmetric form of the

cross-product operation (see Appendix B). The matrix

JA(q) can be used to approximately map small changes in

the manipulator’s joints to small changes in actuator mag-

net position and small changes in the heading of the actua-

tor magnet’s dipole moment:

dpa
dm̂a

� �
’JA(q)dq ð4Þ

Note that JA(q) is not invertible and is at most rank five,

since the magnitude of m̂a is constant by definition.

When the capsule is placed in the magnetic dipole field

(1) generated by the actuator magnet, a magnetic torque

tm = m0mc × h(p, m̂a) and force fm = m0(mc � r)h(p, m̂a)
are applied to the capsule’s magnet, which are given by

tm(p, m̂a, m̂c)=
m0 mak k mck k

4p pk k3
m̂c ×D(p̂)m̂a ð5Þ

fm(p, m̂a, m̂c)=
3m0 mak k mck k

4p pk k4
×

(m̂am̂
T
c + m̂cm̂

T
a + (m̂

T
c Zm̂a)I)p̂ ð6Þ

where Z = I � 5p̂p̂
T

and m0 = 4p × 1027 N�A22 is the

permeability of free-space. The magnetic torque aligns the

capsule’s dipole moment with the applied field, while the

magnetic force pulls the capsule in a direction determined

by the field’s spatial derivatives and the capsule’s dipole

moment.

When the magnetic capsule is actuated in fluid at low

speeds, small accelerations, and without contact with other

objects, there is little resistance to change in the capsule’s

Mahoney and Abbott 131

 at UNIV OF UTAH SALT LAKE CITY on February 4, 2016ijr.sagepub.comDownloaded from 

http://ijr.sagepub.com/


heading, which enables the magnetic torque to quickly align

the capsule’s dipole moment with the applied field. In these

conditions, we can assume that the capsule’s dipole moment

is approximately aligned with the applied field for all time:

m̂c(p, m̂a)’ĥ(p, m̂a)=
dD(p̂)m̂a ð7Þ

and the capsule’s heading can be controlled by adjusting the

direction of the magnetic field without controlling the mag-

netic torque directly using (5), which would require mea-

surement of the direction of m̂c (i.e. the capsule’s heading).

It also implies that m̂c can be predicted by (7) using only a

measurement of the position p obtained by a localization

system, and that the magnetic force applied to the magnetic

capsule can be predicted by substituting (7) into (6):

fm(p, m̂a)’
3m0 mak k mck k

4p pk k4
D(p̂)m̂ak k

(m̂am̂
T
a � (1 + 4(m̂

T
a p̂)

2)I)p̂

ð8Þ

Note that 5-DOF magnetic control can be performed

without making the low-speed, small-acceleration, and non-

contact assumptions if a 5-DOF measurement of the cap-

sule’s pose (i.e. 3-DOF position and 2-DOF orientation of

the capsule’s dipole moment) is available. In this case, the

applied magnetic force fm and the direction of the applied

magnetic torque t̂m can be controlled independently (the

torque magnitude cannot be controlled independently of the

force magnitude). As we will demonstrate, 5-DOF control

can still be achieved using only 3-DOF measurement of the

capsule’s position, provided the capsule is free to align itself

with the applied field.

The total force f applied to the capsule consists of the

apparent weight fw (sum of the capsule’s weight and buoy-

ant force), which is constant, and the magnetic force fm.

We assume that the capsule is heavier than its buoyant

force, making fw point in the direction of gravity. In this

case, the capsule can be made to levitate by positioning the

actuator magnet above the capsule where the attractive

magnetic force perfectly balances the capsule’s apparent

weight and the magnitude of the total applied force f is

zero. If the capsule is desired to ascend, then the actuator

magnet is moved closer so that the magnetic force is larger

than the capsule’s apparent weight and the total applied

(a) Dipole field lines and normalized magnitude ||h||/||ma|| (mA/m) 

(b) Dipole force lines and normalized magnitude ||fm||/(||ma|| ||mc||) (mN) 
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Fig. 1. Dipole field lines and the normalized actuator field magnitude ||h||/||ma|| are shown in (a). Magnetic force lines, generated

with (6), assuming the capsule’s moment mc is aligned with the applied dipole field h, and the resulting normalized magnetic force

magnitude ||fm||/(||ma||||mc||), are shown in (b). When the capsule’s dipole moment is aligned with the applied magnetic field, the

magnetic force tends to be attractive. The color scale is logarithmic in both plots.
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force is directed upward. If the capsule is desired to des-

cend, then the actuator magnet is positioned farther away

from the capsule’s levitation position and the total applied

force points down. The maximum downward force that can

be applied is the capsule’s apparent weight fw.

Using (7) and (8), a nonlinear magnetic actuation equa-

tion can be formed that relates the relative position p and

the direction of the actuator magnet m̂a to the total applied

force f and the direction of the applied magnetic field ĥ:

f

ĥ

� �
=

fm(p, m̂a)+ fwdD(p̂)m̂a

� �
=F (p, m̂a) ð9Þ

which is purely a function of the actuator magnet’s pose,

that is, the relative position p and the actuator magnet’s

dipole moment direction m̂a, which in turn are purely spec-

ified by the capsule’s position pc and the robot manipula-

tor’s pose q.

In order to solve the inverse problem (i.e. computing the

necessary manipulator pose that will apply a desired total

applied force and applied magnetic field heading, given the

capsule’s position), the nonlinear actuation equation (9) is

first linearized with the Jacobian matrix JF (p, m̂a) 2 R
6× 6,

computed by differentiating (9) with respect to the relative

position p and the actuator dipole moment m̂a. (The com-

ponents of JF (p, m̂a) are defined in Appendix C.)

Linearization produces the approximate mapping between

small changes in relative position and actuator-moment

direction to small changes in the applied force and field

heading:

df

dĥ

� �
’JF (p, m̂a)

dp

dm̂a

� �
ð10Þ

= JF (p, m̂a)
dpc
0

� �
+
�I 0

0 I

� �
dpa
dm̂a

� �� �
ð11Þ

where (11) results from substituting dp = dpc 2 dpa into

(10). The relation (11) divides a small change in applied

total force and applied field heading into the result of a

small change in capsule position dpc and a small change in

the actuator magnet’s pose (i.e. in the actuator magnet posi-

tion dpa and dipole heading dm̂a), which is related to small

changes in the manipulator’s joints by the Jacobian JA(q),
given by (4).

Substituting (4) into (11) produces the relationship

between small changes in the manipulator’s joints and cap-

sule position and small changes in applied total force and

field heading:

df

dĥ

� �
’JFA(p, q)dq+ JF (p, m̂a)

dpc
0

� �
ð12Þ

JFA(p, q)= JF (p, m̂a)
�I 0

0 I

� �
JA(q) ð13Þ

The actuator magnet’s dipole moment m̂a does not

appear in the arguments of JFA since m̂a is set by the robot

manipulator’s joints q using the manipulator’s forward

kinematics.

Equation (12) is intended to be used inside a control

loop where small changes in capsule position dpc are

obtained by a capsule localization system, and df and dĥ

are small desired changes produced by a controller govern-

ing the magnetic capsule’s pose. In this context, the terms

of (12) can be rearranged to produce

dd[
df

dĥ

� �
� JF (p, m̂a)

dpc
0

� �
’JFA(p, q)dq ð14Þ

where dd is a desired change in applied force and field

heading resulting only from a change in the manipulator’s

joints. Equation (14) can be inverted to produce the inverse

mapping of desired change in applied force and a change

in field heading to a necessary change in the manipulator’s

joints using the Moore–Penrose pseudoinverse:

dq’JFA(p, q)
ydd ð15Þ

If multiple solutions of (15) are possible (i.e. the manipula-

tor has more than five DOFs), then the pseudoinverse

solves (15) and minimizes ||dq|| (a generalized pseudoin-

verse can be applied for a manipulator where the units of

dq are inconsistent; Doty et al., 1993). Given an initial joint

configuration q0, (15) can be integrated in time to produce

qt without explicitly solving the inverse kinematics of the

complete manipulator–magnet system (Sciavicco and

Siciliano, 2000). This approach breaks down when the

manipulator is near a kinematic singularity, which we will

address later in this paper.

2.1. Analyzing the Jacobian JFA(p, q)

For 5-DOF holonomic control, JFA(p, q) must be rank five.

Since JFA(p, q) is the product of JF (p, m̂a) and JA(q), we

will analyze the rank of the Jacobian JF (p, m̂a) and the

Jacobian JA(q) separately. For readability, we will refer to

the Jacobians JFA(p, q), JF (p, m̂a) and JA(q) without their

arguments in the text (i.e. as JFA, JF , and JA).

Prior to analyzing the rank of JF , we first scale the col-

umns and rows of JF to produce a nondimensional

Jacobian ~JF that approximately maps its pre-image, con-

sisting of nondimensional changes in position dp/||p|| and

changes in actuator magnet heading dm̂a (already nondi-

mensional), to its image, consisting of nondimensional

changes in force df/||fm|| and applied field heading dĥ

(already nondimensional):

~JF (p, m̂a)=
1
fmk k I 0

0 I

� �
JF

pk kI 0

0 I

� �
ð16Þ

where I 2 R
3× 3 is the identity matrix (scaling by ||fm||21 is

safe since ||fm|| 6¼ 0 when m̂c’ĥ).

The nondimensional Jacobian ~JF is produced by post-

and premultiplying JF with a series of elementary matrices,

which guarantees that rank ~JF = rank JF and enables the
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rank of JF to be found using the singular value decomposi-

tion of ~JF with unit-consistent singular values, which reveal

the rank of JF . Since the applied field direction ĥ cannot

change in a direction parallel to itself, the smallest singular

value s6 must be zero. The second smallest singular value

s5 reveals whether rank ~JF = 5. Figure 2 shows s5 plotted

on a plane in which the actuator dipole moment ma lies.

Because the magnetic field is radially symmetric about the

dipole moment ma, a plot of s5 on any plane in which ma

lies will be equivalent to Figure 2. The minimum value

taken on by s5 is 0.123, indicating that ~JF (and thus JF ) is

always rank five.

The fact that JF is always rank five implies that a single

permanent magnet in space, irrespective of the robot

manipulator that maneuvers it, can exhibit 5-DOF control

over an untethered magnetic device. The ability of a com-

plete robotic system, including magnet and manipulator, to

exhibit 5-DOF magnetic control is precluded only by the

ability of the robot manipulator to position the actuator

magnet with three DOFs and the actuator magnet’s dipole

moment with two DOFs. If the rank of the Jacobian JA is

five, then the robotic system possesses 5-DOF control over

the untethered capsule. If the actuator magnet pose required

to achieve a desired applied total force and magnetic field

heading places the manipulator into a kinematic singularity,

then 5-DOF magnetic control is lost.

We numerically analyze the configurations of total

forces and field headings that make the manipulator enter a

singularity by first nondimensionalizing the Jacobian JA as

~JA(q)=
1
pk k I 0

0 I

� �
JA(q) ð17Þ

which can then be substituted, along with ~JF , into (13) for

JF and JA to produce the normalized Jacobian

~JFA(p, q)= ~JF (p, m̂a)
�I 0

0 I

� �
~JA, (q) ð18Þ

which approximately maps change in manipulator joints dq

(already nondimensional) to change in nondimensional

applied force and change in field heading (already

nondimensional).

The Moore–Penrose pseudoinverse ~JFA
y is the inverse

mapping that minimizes ||dq|| if the robot manipulator is

over-actuated. The largest singular value of ~JFA
y (i.e. the

reciprocal of the smallest non-zero singular value of ~JFA)

can be used to describe the worst case of how a unit-

magnitude vector of nondimensional change in applied

force and field heading are approximately mapped to a

magnitude change in manipulator joints. If the largest sin-

gular value approaches infinity, then the robot manipulator

is near a kinematic singularity.

As an example, consider the case where a magnetic cap-

sule is desired to point downward (in the direction of grav-

ity) as it is being repositioned by an applied magnetic

force, and the robotic manipulator used to maneuver the

actuator magnet is a 6-DOF serial link manipulator. For this

example, we have assumed the magnetic capsule, actuator

magnet, and robotic manipulator are those used for the

experiments herein and the capsule is placed in a typical

position in front of the manipulator as illustrated in Figure

3. In Figure 3(a) and (b), the manipulator’s workspace has

been sliced into x̂, ẑ and ŷ, ẑ planes. For every possible

actuator magnet position on both planes, the actuator mag-

net’s dipole direction m̂a is set to guarantee that the applied

field at the capsule position points in the �ẑ direction. The

necessary heading of the actuator magnet’s dipole moment

m̂a is given by

m̂a = � dD�1(p̂)ẑ ð19Þ

where D�1(p̂)= (D(p̂)� I)=2 admits a unique actuator

magnet pose for every actuator magnet position (Mahoney

and Abbott, 2014b).

The largest singular values of ~JFA
y resulting from the

robot manipulator configuration that places the actuator

magnet in every feasible position in the x̂, ẑ and ŷ, ẑ planes

and directs the actuator magnet’s moment according to (19)

are shown in Figure 3(a) and (b). The regions where the

manipulator nears its spherical-wrist kinematic singularity

cause the singular value to become large. The regions out-

side the manipulator’s reachable workspace are shown in

gray.

Each actuator magnet pose causes a magnetic force to

be applied to the capsule. Fifteen numbered actuator mag-

net poses are illustrated in Figure 3(a) and (b) along with

the resulting correspondingly numbered total force vectors

applied to the capsule. Each force vector denotes a total

force magnitude of ||f|| = 0.3 mN. The resulting manipula-

tor poses for select numbered total force vectors are shown

in Figure 3(c). The pose that balances the applied magnetic

force and the capsule’s apparent weight is labeled as pose

‘0’. The manipulator’s physical workspace limits and kine-

matic singularities complicate which forces the system can

apply. For example, due to workspace limits of the

(m)
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Fig. 2. The second smallest singular value, s5, of the normalized

magnetic actuation Jacobian ~JF is plotted (with a logarithmic

color scale) on any plane in which the actuator dipole moment

ma lies. The smallest value taken on by s5 is 0.123 and occurs on

the line on which the dipole ma lies. The fact that s5 . 0

indicates that ~JF (and thus JF ) is always rank five.

134 The International Journal of Robotics Research 35(1–3)

 at UNIV OF UTAH SALT LAKE CITY on February 4, 2016ijr.sagepub.comDownloaded from 

http://ijr.sagepub.com/


manipulator, forces labeled ‘9’, ‘10’, and ‘11’ are not

achievable, and due to the manipulator’s wrist singularity,

transitions from the capsule levitation configuration (pose

‘0’) to a 0.3 mN force in the �x̂ direction (pose ‘13’)

would require the manipulator to pass through its wrist sin-

gularity. Note that the direction of the actuator magnet’s

dipole moment satisfies (19) and applies a magnetic field

in the �ẑ direction at the capsule’s position.

Figure 4(a) and (b) shows the largest singular value of
~JFA

y where the actuator magnet is oriented to direct the

capsule in the �x̂ direction (i.e. m̂c = � x̂). Fifteen actua-

tor magnet poses that achieve the same 15 applied 0.3 mN

numbered forces as Figure 3 are shown in Figure 4(a) and

(b), with the robot manipulator pose for select applied

forces shown in Figure 4(c). Requiring that the capsule

point in the �x̂ direction changes the necessary actuator

magnet pose to achieve the same applied forces as in

Figure 3. In this case, the actuator magnet must be oriented

so that the capsule is positioned in the region of the actua-

tor magnet’s dipole field where the applied magnetic force

magnitude is weakest (see Figure 1) and the actuator must

be positioned closer to the capsule. For example, to main-

tain the capsule at equilibrium (pose ‘0’) the actuator must

be positioned a distance of 212 mm above the capsule

when m̂c = � x̂, compared to a distance of 252 mm when

m̂c = � ẑ.

Note that mounting the actuator magnet to the robot

arm so that the actuator magnet’s dipole moment is parallel
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Fig. 3. The largest singular value of the nondimensional Jacobian ~JFA
y is shown in (a) the ŷ, ẑ plane and in (b) the x̂, ẑ plane, plotted

in a logarithmic color scale, for a scenario where a capsule (positioned as shown) is desired to point downward (m̂c = � ẑ). The

singular value plots are generated by placing the actuator magnet at every position in the ŷ, ẑ and x̂, ẑ planes and directing the actuator

magnet’s dipole moment ma so that the applied field at the capsule’s position points the capsule down. The regions outside the

reachable workspace of the manipulator are shown in gray. The regions where the largest singular value exceeds approximately 70

correspond to an actuator magnet pose that places the manipulator near a kinematic singularity. Fifteen numbered actuator poses are

shown in (a) and (b) that correspond to the application of a correspondingly numbered 0.3 mN total force acting on the capsule

depicted in the figure. Pose ‘0’ is the equilibrium position where the net applied force is zero. Select manipulator configurations for

five of the 15 poses are shown in (c).

Mahoney and Abbott 135

 at UNIV OF UTAH SALT LAKE CITY on February 4, 2016ijr.sagepub.comDownloaded from 

http://ijr.sagepub.com/


to the axis of the manipulator’s most distal joint (as shown

in Figures 3(c) and 4(c)) effectively reduces the 6-DOF

kinematic chain of the manipulator to five DOFs, which

results in the manipulator’s kinematic singularities exhibit-

ing themselves as singularities of the complete system (as

shown in Figures 3(a) and 4(a)). Increasing the robot

manipulator’s kinematic DOFs beyond five by adding more

DOFs (or mounting the actuator magnet so that its dipole

moment is perpendicular to the axis of the most distal joint,

in the case of the robot manipulator used herein) creates a

system that is kinematically over-actuated, to which classi-

cal robotics methods can be applied (Sciavicco and

Siciliano, 2000). However, if the system is not kinemati-

cally over-actuated, then singularities must be dealt with.

2.2. Managing manipulator singularities

Managing the joint motion of a robot manipulator near

kinematic singularities while applying differential kine-

matic inversion is well-studied (Sciavicco and Siciliano,

2000). A common approach is the method of damped least-

squares, which minimizes a cost function containing com-

peting terms that penalize tracking error in the end-effector

configuration and that penalize the magnitude of joint

motion (Wampler, 1986; Chiaverini et al., 1994). Damped

least-squares methods sacrifice tracking performance to

reduce joint motion near kinematic singularities.

In the context of magnetic manipulation, tracking error

in the actuator magnet’s configuration will cause error in

the desired magnetic force and field heading applied to the
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Fig. 4. The largest singular value of the nondimensional Jacobian ~JFA
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in a logarithmic color scale, for a scenario where a capsule (positioned as shown) is desired to be horizontal (m̂c = � x̂). The singular

value plots are generated by placing the actuator magnet at every position in the ŷ, ẑ and x̂, ẑ planes and directing the actuator

magnet’s dipole moment ma so that the applied field at the capsule’s position points the capsule so that m̂c = � x̂. The regions outside

the reachable workspace of the manipulator are shown in gray. The regions where the largest singular value exceeds approximately 70

correspond to an actuator magnet pose that place the manipulator near a kinematic singularity. Fifteen numbered actuator poses are

shown in (a) and (b) that correspond to the application of a correspondingly numbered 0.3 mN total force acting on the capsule
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capsule, potentially resulting in loss of control. Rather than

potentially sacrificing total capsule control when the manip-

ulator nears a singularity, we have chosen to implement a

strategy that sacrifices control over the capsule’s heading

while maintaining control over the magnetic force applied

to the capsule. When the actuator magnet is positioned by a

robot manipulator with at least five DOFs, sacrificing head-

ing control effectively transforms the total magnetic manip-

ulation system into one that is kinematically over-actuated.

In the context of stomach capsule endoscopy, temporarily

sacrificing precise control over the capsule’s heading may

not preclude visualization since existing capsule endo-

scopes have large fields of view. For example, Given

Imaging’s commercially available PillCamTM SB2 has a

156� field of view (Valdastri et al., 2012b).

Given some small desired change in applied field head-

ing dĥd and some small desired change in applied magnetic

force dfd, the problem of sacrificing heading control while

maintaining control over the applied magnetic force is

posed as a constrained, quadratic least-squares problem:

minimize
dq

∂ĥ

∂q
dq� dĥd

�����
�����

2

ð20Þ

subject to
∂f

∂q
dq= dfd ð21Þ

Wdqk k� r ð22Þ

where the matrices ∂f=∂q 2 R
3× n and ∂ĥ=∂q 2 R

3× n are

the top and bottom three rows of the Jacobian JFA, respec-

tively. The constraint (21) guarantees the desired change in

applied force dfd is met (provided ∂f/∂q has full row rank),

and the constraint (22) enforces a maximum bound on the

magnitude of joint motion weighted by the invertible matrix

W. The cost function (20) attempts to reduce the error

between the desired and actual change in applied field

heading. The weight matrix W can be used to increase the

‘cost’ of select joint motions or to homogenize disparate

units of dq.

The formulation can be rewritten in compact notation as

minimize
v

Av� bk k2 ð23Þ

subject to Bv= c ð24Þ

vk k� r ð25Þ

where v = Wdq, b= dĥd, c = dfd, A = (∂ĥ=∂q)W�1, and

B = (∂f/∂q)W21.

If desired, the formulation (23) to (25) can be used

inside an iterative method to solve the combined inverse

kinematics of the actuator magnet and robot manipulator.

Such methods have been used in the general application of

constrained optimization, where they are referred to as

‘trust-region’ iteration methods due to the ability of the

constraint (25) to limit every iterative step to a region where

the underlying model is ‘trusted’. In the case of our

formulation, the constraint (25) would keep the result of

each iteration within a region where A and B (which are

results of linearization) are accurate. The implementation of

the controller used herein does not take an iterative

approach; rather, the formulation (23) to (25) is solved at

each controller time-step. This simultaneously keeps dq

within a region where the linearizations A and B are accu-

rate and limits the motion of the robot manipulator.

There are two ways for the formulation (23) to (25) to

break down. The first is if the matrix B does not have full

row rank and the constraint (24) is not satisfiable. In the

context of magnetic manipulation this could occur if ∂f/∂q

loses full row rank in certain manipulator-dependent con-

figurations (an example for the 6-DOF robotic manipulator

used for the experiments herein is described later). The sec-

ond is if the equality (24) and quadratic (25) constraints

become mutually exclusive, which could occur if ||c|| is

large or B becomes ill-conditioned, resulting in large mag-

nitude solutions for v to satisfy the constraint (24). In the

context of magnetic manipulation, this could occur if the

desired change in applied force dfd is too large for the given

bound on joint motion r or ∂f/∂q becomes ill-conditioned.

These conditions will be discussed in the text that follows.

We present a solution in the context of our application

that solves the optimization problem by first eliminating the

equality constraint (24) and then ensuring that the result

satisfies the quadratic constraint (25). Assuming the matrix B

has full row rank and the robot manipulator has at least five

DOFs, the nullspace of B (i.e. null(B)) is guaranteed to have

dimension of at least two. The solution v* that minimizes

(23) and satisfies the constraints is composed of the sum of a

component lying purely in the column space of B that satis-

fies the equality constraint (24), and an orthogonal compo-

nent lying in null(B) that minimizes (23), taking the form

v�= Byc+ Nk ð26Þ

where By is the Moore–Penrose pseudoinverse of B, and N

is the orthonormal matrix whose columns span null(B). The

solution v* can be interpreted as the sum of a term that

satisfies the equality constraint (i.e. the left term) and a term

that attempts to minimizer the error of the desired quantity

created by satisfying the equality constraint (i.e. the right

term). This solution is frequently used in the inverse kine-

matics of redundant manipulators (Sciavicco and Siciliano,

2000).

The vector k that minimizes the cost function (23) and

satisfies the quadratic constraint (25) must be found.

Because the terms of v* are perpendicular and N is ortho-

normal, applying the quadratic constraint (25) to v*
produces

v�k k2 = Byc

��� ���2

+ Nkk k2 = Byc

��� ���2

+ kk k2� r2 ð27Þ

which yields the maximum bound on ||k||2 that guarantees

the quadratic constraint (25) is satisfied:
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kk k2� r2 � Byc

��� ���2

ð28Þ

If r2 2 ||Byc||2 \ 0, then the equality constraint (24)

and the constraint (25) are mutually exclusive, making no

solution possible unless r is increased. This can occur if ||c||

is large or B is poorly conditioned.

Otherwise, substituting v* for v in (23) ensures the

equality constraint (24) is satisfied and produces a new,

feasible minimization problem in terms of the vector k:

minimize
k

ANk+ AByc� b

��� ���2

ð29Þ

subject to kk k2� r2 � Byc

��� ���2

ð30Þ

The solution k* that minimizes (29), without necessarily

satisfying the quadratic constraint (30), can be found using

the Moore–Penrose pseudoinverse as

k�= (AN )y b� AByc
� �

ð31Þ

If k* satisfies the quadratic constraint (30) then k* can

be immediately substituted into (26) for k to produce

v�= Byc+ N (AN)y b� AByc
� �

ð32Þ

which solves the formulation (23) to (25). The joint-angle

solution dq* that solves the formulation (20) to (22) can

then be found as dq* = W21v*. In this case, the quadratic

constraint (30) is inactive and does not influence the result

of v*. If the Jacobian JFA is rank-five (i.e. the robot manip-

ulator is not near a singularity), then the joint solution dq*
is equivalent to that found with the pseudoinverse as in

(15).

If (31) does not satisfy the quadratic constraint (30), then

the method of ‘complete diagonalization’ can be applied to

find a k* such that quadratic constraint (30) is satisfied via

equality. The process of complete diagonalization requires

the eigen-decomposition of the matrix AN and either a

numerical solution for the roots of a function for which

bounds are known, or the solution for the roots of a polyno-

mial (of at least degree four) using the eigenvalues of a cor-

responding companion matrix. A complete description of

the method can be found in Hager (2001). The solution k*
resulting from complete diagonalization can then be substi-

tuted into (26) to produce v*. Once v* has been found, the

change in joint angles that solve the formulation (20) to

(22) is found as dq* = W21v*.
The scenario when the matrix B becomes ill-conditioned

(or loses full row rank) can cause the constraints of the for-

mulation (23) to (25) to become unsatisfiable. Although

when (or if) this can occur depends solely on the kinematics

of the robot manipulator, properties of the actuator’s dipole

field can exacerbate issues, particularly if the robot manipu-

lator contains a spherical wrist. Consider an actuator–

capsule configuration shown in Figure 5, where the actuator

and capsule dipole moments are parallel (but in opposite

directions) and the relative position is perpendicular to both

dipole moments. In this configuration the top three rows of

the nondimensional magnetic dipole Jacobian ~JF , given by

(16), approximately relate small, nondimensional changes

in relative position dp/||p|| and actuator moment direction

dm̂a to small, nondimensional changes in applied magnetic

force dfm/||fm||, taking the form

dfm

fmk k
’

0 0 0 0 0 �1

0 �1 0 0 0 0

0 0 4 0 0 0

24 35 dp

pk k
dm̂a

" #
ð33Þ

In this example, it is clear that the top three rows of ~JF
have full row rank and any small change in applied mag-

netic force is possible with some change in relative position

or actuator dipole moment. In this configuration, however,

the necessary changes in relative position and actuator

moment are particularly nonintuitive. Equation (33) shows

that small changes in dp in the x̂ direction produce no

change in the applied magnetic force in the x̂ direction.

Instead, change in applied magnetic force in the 6x̂ direc-

tion requires rotating the actuator moment around the 6ŷ

axis, a motion that could be infeasible if the manipulator’s

wrist is at or near its singularity. This case is illustrated in

Figure 5, which shows the manipulator used in the experi-

ments with wrist axes â3, â4, and â5, placed in a configura-

tion where the wrist kinematics have become singular (â3
and â5 are parallel). In this example, magnetic force in the

6x̂ direction cannot be controlled due to the manipulator’s

kinematic singularity, and the B matrix would not have full

row rank in the formulation (23) to (25).

Systems should be designed to make configurations of

the form described in the preceding example impossible or

highly unlikely either by design, or by actively preventing a

user (e.g. clinician) from controlling the capsule in a man-

ner that would cause the system to enter such a configura-

tion. One potential approach toward this end could be to

prevent the user from controlling the capsule into a config-

uration where the metric

w =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det BBTð Þ

q
ð34Þ

which decreases as B loses row rank, passes below a prede-

fined threshold. If this occurs, user inputs that cause w to

decrease (i.e. dw � 0) should be rejected.

2.3. Scaling the actuator magnet

The fact that the applied magnetic force (6) rapidly

increases as ||p|| decreases implies that any variation in the

actual applied magnetic force caused by error in the esti-

mated capsule position will be large when the capsule is

actuated close to the actuator magnet. The separation dis-

tance when the capsule is in equilibrium is a function of

the capsule’s apparent weight ||fw|| and the product of the

actuator and capsule dipole moment magnitudes ||ma||||mc||,
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which scales the applied magnetic force (6). Increasing the

capsule’s weight while keeping the actuator and capsule

moment magnitudes constant decreases the equilibrium

distance. If the apparent weight is increased, the

equilibrium distance can be kept constant by scaling the

capsule or actuator dipole moment magnitudes (e.g. select-

ing a higher grade or increasing volume).

To simplify scaling analysis, we consider the 1D prob-

lem where the capsule is positioned immediately below the

actuator magnet and is constrained to move with one DOF

up or down, as illustrated in Figure 6. In the configuration

shown, the attractive magnetic force directly opposes the

capsule’s apparent weight. In this configuration, the equili-

brium separation distance is

pk kequal =
3m0

2p

mak k mck k
fwk k

� �1=4

ð35Þ

In this 1D analysis, the error in the estimated capsule

position can be amplified by the derivative d||f||/d||p|| to

approximate the resulting error in applied magnetic force.

At the equilibrium distance, the derivative is given by

d fk k
d pk k






pk k= pk kequal

= � 4
2p

3m0

fwk k5

mak k mck k

 !1=4

= � 4
fwk k

pk kequal
ð36Þ

A plot of the equilibrium distance (35) and the force

derivative (36) for varying ||ma||||mc|| and ||fw|| is shown in

Figure 6(c) and (d), respectively. As shown, the equilibrium

distance increases and the magnitude of the force derivative

decreases when ||fw|| decreases or ||ma||||mc|| increases. For

δfm

p

p

y
z

a4ˆ
a5ˆ

a4ˆ
a3ˆ

ẑ
x̂

ˆ
ˆ

Fig. 5. A scenario when the matrix B can lose full rank and the

constraints of the formulation (23) to (25) become unsatisfiable

is shown for the robot manipulator used in the experiments. In

this example, the capsule is placed so that the capsule and

actuator dipole moments are parallel and are also orthogonal to

the relative position p. In this configuration, a change in

magnetic force dfm in the 6x̂ direction requires rotating the

actuator moment about the 6ŷ axis. The necessary motion could

be infeasible if the robot manipulator is in a singular

configuration, such as a spherical wrist singularity where the â3
and â5 revolute axes of the manipulator’s spherical wrist are

parallel (as illustrated for the manipulator used herein).
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Fig. 6. The equilibrium distance ||p||equal, where the apparent capsule weight is balanced by the attractive magnetic force, is shown in

(a) for the configuration portrayed in (c) and (d), as a function of the product ||ma||||mc|| and the apparent capsule weight ||fw||. The

derivative d||f||/d||q|| at the equilibrium distance, as a function of ||ma||||mc|| and ||fw||, is shown in (b). The equilibrium distance

(0.251 m) and derivative (28 mN/m) of the experimental setup used herein is shown to scale in (a) and (b).
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the experimental setup used, the apparent capsule weight

(0.5 mN) and ||ma||||mc|| product (3.30 A2�m4) admit an

equilibrium distance of 0.251 m (depicted in Figure 6(c))

and a force derivative of 28 mN/m (depicted in Figure

6(d)). In general, for any given capsule apparent weight

||fw||, ||ma||||mc|| can be increased by increasing the grade or

volume of the actuator magnet to reduce the effects of cap-

sule position uncertainty.

Scaling the product ||ma||||mc|| does not affect the singu-

lar values of the nondimensional Jacobian ~JFA (shown in

Figures 3 and 4), since normalization by the applied mag-

netic force magnitude ||fm|| removes the only dependence of

JFA on ||ma||||mc||. This means that for a desired applied

magnetic force, scaling ||ma||||mc|| does not change the nec-

essary magnitude of manipulator joint motion to obtain the

same percentage change in the desired applied magnetic

force. However, scaling ||ma||||mc|| does change the magni-

tude of the applied magnetic force. It is easy to verify that

the direction of the applied magnetic force (6) does not vary

with ||p||. As a result, after scaling ||ma||||mc||, the actuator

magnet must move in a direction parallel to p̂ in order to

keep the magnitude and direction of the applied magnetic

force constant.

This is illustrated in Figure 7, which shows the labeled

actuator magnet configurations necessary to apply the

equivalently labeled total applied force for the same actua-

tor magnet and capsule used in Figure 3. The actuator mag-

net configuration that achieves the same applied force

when scaling ||ma||||mc|| by a factor of two, four, and eight

are shown and labeled with the corresponding scaling fac-

tor (except for pose ‘1’ for which only the scaling factor

two is shown, and pose ‘5’ for which only the scaling fac-

tors two and four are shown). In Figure 7(a) and (b), the

actuator magnet poses resulting from scaling are overlaid

on the maximum singular value of ~Jy
FA from Figure 3(a)

and (b), respectively. Scaling ||p|| to keep the applied force

constant when scaling ||ma||||mc|| causes the necessary

actuator configurations that achieve the same desired forces

to move into different regions of the robot manipulator’s

workspace. This could be problematic in the case of pose

‘12’, for example, where scaling ||ma||||mc|| by a factor of

four causes the robot manipulator to enter a singularity.

Increasing the size of the actuator and capsule magnets

increases the magnitude of their dipole moments and allows

the capsule to be actuated where ||p|| is greater (see (35)),

and the applied magnetic force is less sensitive to changes

in ||p|| (see (36)). If the manipulator has velocity limits, then

the actuator magnet volume should be selected so that the

manipulator’s velocity limits are not exceeded when com-

pensating for typical disturbances in the capsule’s position.

However, when selecting the actuator and capsule magnets

for a particular manipulation task, the selection of the prod-

uct ||ma||||mc|| should be guided using plots like Figure 7(a)

and (b), to keep the robot manipulator from entering singu-

larities or exceeding the manipulator’s reachable workspace

during the application of typical forces.

3. Experimental results and discussion

The mockup capsule is actuated in a tank of water by an

axially magnetized, grade N42, cylindrical NdFeB magnet

with a height of 31.75 mm, a diameter of 31.75 mm, and

with a dipole moment of ||ma|| = 26.2 A�m2, positioned by

a Yaskawa-Motoman MH5 6-DOF robotic manipulator.

The capsule contains a cube NdFeB permanent magnet

with its dipole moment ||mc|| = 0.126 A�m2 arranged paral-

lel to the capsule’s principal axis; the remainder of the cap-

sule’s volume is filled with air. The capsule’s weight is
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0.0153 N and the buoyancy force in water is 0.0148 N. The

position of the capsule is triangulated by two orthogonal

Basler A602FC cameras, which are used with an extended

Kalman filter for capsule-position feedback. Unless other-

wise stated, the localization system’s update frequency is

90 Hz. The experimental setup, consisting of the robot

manipulator, vision system, mockup capsule, and the actua-

tor magnet is shown in Figure 8.

A simple proportional-integral-derivative (PID) feed-

back controller (using the triangulated capsule position)

with a gravity-compensating feed-forward term was imple-

mented to servo the capsule to any desired position in the

workspace. At every iteration, the PID controller takes as

input a desired capsule position pc,d, an estimated capsule

position �pc, and an estimated capsule spatial velocity _�pc,
and produces a desired change in applied force dfd, which

is then combined with a desired change in applied field

heading dĥd and converted into motion of the robotic

manipulator by solving the constrained least-squares for-

mulation (20) to (22). An estimate of the capsule’s heading

is obtained from the measured position using (1), and is

controlled in an open-loop fashion. In this paper, we com-

pute a desired change in field heading (which is equivalent

to a desired change in capsule heading) as the difference

between a desired capsule heading and an estimate of the

current capsule heading, which we assume to be small at

each controller iteration. Due to a limitation of the com-

mercial manipulator control system, the robot manipulator’s

position is updated at 25 Hz. A diagram of the controller is

shown in Figure 9.

The theory presented herein, as well as our control sys-

tem, is demonstrated by controlling the magnetic mockup

capsule along multiple predefined trajectories. Figure 10(a)

shows an image sequence of the capsule following a raster-

scan trajectory where the capsule moves from right to left

along a square-wave path with an amplitude of 25 mm and

a period of 40 mm (see Extension 1). Such a trajectory

could be used to perform automated visual coverage of a

surface for inspection tasks. The desired square-wave tra-

jectory and the actual paths traveled by the capsule while

moving at desired spatial velocities of 2 mm/s, 4 mm/s,

8 mm/s and 16 mm/s are shown in Figure 10(b). In general,

the trajectory tracking performance worsens with increasing

desired spatial velocity. It is important to note that at high

spatial velocities a fluidic torque can be generated that may

cause the capsule’s dipole moment mc to become misa-

ligned with the applied magnetic field h. If this occurs, then

the assumptions of Section 2 are violated and the actual

applied magnetic force may deviate from that expected.

This happens to the capsule when following the square-

wave trajectory with a desired spatial velocity of 16 mm/s,

causing the capsule to deviate wildly from that desired,

which can be particularly observed in the x̂, ẑ plane.

Two additional maneuvers are demonstrated in Figure

11. In Figure 11(a), the capsule’s heading is rotated from a

down-pointing to a side-pointing configuration, while the

feedback controller attempts to regulate the capsule’s posi-

tion to remain stationary (see Extension 2). Nonintuitively,

the actuator magnet does not remain directly above the cap-

sule during the transition. In Figure 11(b), the capsule’s

position follows a U-shaped trajectory while its heading

remains constant (see Extension 3).

The vision system used to track the 3-DOF capsule

position is not feasible for clinical use. Existing clinically

relevant localization strategies include radio-frequency

(RF) triangulation (Fischer et al., 2004), magnetic methods

(Kim et al., 2010; Salerno et al., 2012; Di Natali et al.,
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Fig. 8. The axially magnetized actuator magnet (a) is used to

wirelessly control the mockup capsule endoscope (b) in a water-

filled tank, using the 6-DOF robotic manipulator and vision

system shown in (c).
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Fig. 9. A PID feedback controller, with a gravity-compensating feedforward (FF) term, governs the capsule position pc while the

capsule heading is controlled in an open-loop fashion. The PID controller takes as input a desired capsule position pc,d, an estimated

capsule position �pc, and an estimated capsule spatial velocity _�pc, and produces a desired change in total applied force dfd. The desired

change in applied force dfd and the desired change in heading dĥd is converted into a necessary change in robot manipulator joints dq

by solving the formulation (20) to (22).
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2013; Popek et al., 2013), and CT scan or X-ray fluoro-

scopy (Carpi and Pappone, 2009). In the previous experi-

ments, the mockup capsule’s position was localized at

90 Hz by the vision system. Clinically feasible localization

methods may not provide the capsule’s position at high

rates (the method of Di Natali et al., 2013, can perform 3D

position-tracking at approximately 50 Hz). The ability to

actuate a mockup capsule with reduced 3D localization

update frequencies is demonstrated in Figure 12, which

shows the mockup capsule performing a remote-center-of-

motion (RCM) maneuver, requiring the capsule’s position

to rotate around (while simultaneously pointing at) a fixed

point in space. The update frequency of the tracking system

(including the extended Kalman filter) was reduced to

60 Hz and 30 Hz, in order to simulate the update rate of a

more clinically relevant localization method. Figure 12(a)

shows images of the capsule performing the RCM maneu-

ver with a 90 Hz localization rate, while Figure 12(b)

shows the 3D position-tracking performance of the capsule

for localization rates of 30, 60, and 90 Hz. The average

position-tracking error for the localization rates of 30, 60,

and 90 Hz is 2.8, 2.2, and 2.1 mm, respectively, with a

standard deviation of 1.8, 1.2, and 1.0 mm, respectively.

The capsule’s heading-tracking performance is shown in

Figure 12(c). The heading-tracking performance tends to

vary less with the localization frequency. The capsule

moves at approximately 2 mm/s and completes the RCM

maneuver in 62 s. A video of the RCM maneuver is shown

in Extension 4.

We have found that deviation of the actuator magnet’s

field from that of a point-dipole has a profound effect on

trajectory tracking performance, even for high localization

frequencies. For the geometry of a stand-alone permanent

magnet with the same geometry as the actuator used herein,

it can be shown that the magnet’s field differs from a point-

dipole field by less than 1% provided ||p|| � 113 mm

(Petruska and Abbott, 2013). In typical operation ||p|| gen-

erally varies from 205 mm to 250 mm, making the field

generated by the actuator magnet alone very close to that

of a point-dipole. We have found, however, that the actual

applied magnetic field includes a component caused by the

presence of ferromagnetic material in the robot manipula-

tor’s wrist, which is magnetized due to close proximity with

the actuator magnet. The magnetic field distortion becomes

particularly evident in configurations where the capsule is

desired to point in a direction orthogonal to gravity (e.g.

the capsule configuration illustrated in Figure 4) and the

robot manipulator’s wrist moves closer to the mockup

capsule.

This is demonstrated in Figure 13, which shows three

poses of the capsule and robot manipulator for mc parallel

to the �ŷ, �ẑ, and ŷ directions in (a), (b), and (c),

(a) Raster-scan trajectory with constant capsule heading
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Fig. 10. An image sequence of the capsule completing a raster-

scan trajectory (moving from right to left) with a desired capsule

spatial velocity of 4 mm/s is shown in (a), along with the

approximate path taken by the actuator magnet. The capsule is

oriented in the x̂ direction (toward the camera). The tracking

performance of the control system for desired capsule spatial

velocities ranging from 2 mm/s to 16 mm/s is shown in (b). With

a desired spatial velocity of 16 mm/s, the raster-scan trajectory is

completed in 35 s. Multimedia corresponding to (a) appears in

Extension 1.
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Fig. 11. The mockup capsule can be holonomically controlled

with five DOFs. In (a), the capsule is controlled to adjust its

heading while remaining stationary in space (see Extension 2). In

(b), the capsule follows a U-shaped trajectory while maintaining

a constant heading (see Extension 3). The approximate path

taken by the actuator magnet is shown in both examples.
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respectively. In all three examples, the capsule is stationary

in space, which indicates that the total force applied to the

capsule is zero. In the example of Figure 13(a), a perfect

dipole-field would require the actuator magnet to be posi-

tioned directly above the capsule (i.e. with no component of

p in the ŷ direction). Although some error can be attributed

to misalignment of the capsule’s dipole moment mc with

the capsule’s principal axis, the major source of error is due

to the distortion in the magnetic field with the combined

result causing the capsule to actually levitate approximately

21 mm from the position where the point-dipole model

indicates it should. According to the point-dipole model,

the total applied force is predicted to be f = [0, 27.6, 4.2]T

mN in this configuration. Figure 13(c) demonstrates similar

errors when the capsule is desired to point in the opposite

direction of Figure 13(a) and the predicted force from the

point-dipole model is f = [0, 0.1, 0.04]T mN.

Figure 13(b) shows an example where the capsule is

desired to point in the �ẑ direction. In this configuration,

the robot manipulator’s wrist is positioned farthest from the

capsule, and the capsule levitates approximately 7 mm from

the point where the point-dipole model predicts. According

to the point-dipole model, the total applied force is pre-

dicted to be f = [0, 1.9, 1.8]T mN. Despite the fact that the

applied magnetic field deviates from that of a point-dipole

in all three examples, the matrices ∂ĥ=∂q and ∂f/∂q are suf-

ficiently accurate to enable the PID controller (see Figure

9) to reject disturbances caused by the modeling error.

Although the disturbance demonstrated in Figure 13 is

caused as a result of the field itself deviating from that

expected, it can also be caused by an error in the mockup

capsule’s expected position (e.g. due to noise in the locali-

zation system). The fact that the capsule can still be con-

trolled despite the distortion in the magnetic field indicates

that the method presented herein can also be robust to error

in the expected capsule’s position obtained by a localization

system. The closed-loop tracking error of a specific system

is likely to be sensitive to the specific magnetic field distor-

tions and the specific sources of localization error, and is

left as an open question. If the capsule localization method

relies on the magnetic field generated by the actuator mag-

net to be a perfect point-dipole field (e.g. Di Natali et al.,

2013), then distortions in the magnetic field will effect

localization, and the resulting effect on capsule actuation is

also an open question. Removing the source of distortion

and using a spherical permanent magnet (which generates a
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Fig. 12. The mockup capsule follows a desired remote-center-

of-motion (RCM) maneuver in (a), with the approximate path

taken by the actuator magnet shown. The position-following

performance in the x̂,ẑ and ŷ,ẑ planes, with the localization

system tracking the capsule at 30, 60, and 90 Hz, is shown in

(b). The heading-following performance of the mockup capsule

(measured in the ŷ,ẑ plane) is shown in (c). The capsule heading

is measured using the vision system but is controlled in an open-

loop fashion. Multimedia corresponding to (a) appears in

Extension 4.
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Fig. 13. Ferromagnetic material in the robot manipulator’s wrist

is magnetized by the actuator magnet, which causes the magnetic

field applied to the capsule to be distorted from a point-dipole. In

(a) and (c), the capsule is desired to levitate and point in the �ŷ
and + ŷ directions, respectively. A perfect point-dipole field

would require that the actuator magnet be placed directly above

the capsule and pointed in the + ŷ and �ŷ directions,

respectively. In (b), the capsule is desired to levitate while

pointing in the �ẑ direction. A perfect point-dipole field would

place the actuator magnet directly above the capsule and pointed

in the �ẑ direction. In all three configurations, the point-dipole

model predicts a non-zero applied force. The error in the

magnetic field is accommodated by the PID controller.
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near-exact point-dipole field) as the actuator magnet will

mitigate these effects.

As described in Section 2.1, singularities in the robot

manipulator’s kinematics can impact capsule actuation. In

Section 2.2, we derived a control strategy that relinquishes

control over the capsule’s heading while maintaining con-

trol over the applied magnetic force when the robot manip-

ulator nears a singularity. Each iteration of the control

method guarantees that the joint motion of the robot manip-

ulator, dq, will be limited by the constraint ||Wdq|| � r,

where W 2 R
n× n is an invertible weight matrix. We test

this control strategy by levitating the mockup capsule in a

configuration where the capsule’s dipole moment m̂c is

rotated 10� around the ŷ axis (i.e. m̂c = ½017, 0:98, 0�T).

This configuration forces the robot manipulator into its

spherical-wrist singularity (i.e. ‘gimbal lock’), where axes

â3 and â5 are parallel (see Figure 5).

Figure 14 shows the robot manipulator levitating the

mockup capsule in the wrist-singularity configuration

(Figure 14(a)) along with three plots that present the angu-

lar velocity of the third and fourth joints (labeled ‘J3’ and

‘J4’) in Figure 14(b) and (c), respectively, and the total posi-

tion error of the capsule from the desired levitation position

as a function of time in Figure 14(d). Three curves are

plotted on each plot, which are obtained using a weight

matrix W = diag([1, 1, 1, w3, 1, 1]T) for w3 = 1, 10, and 20,

and with the constraint bound r = 60�/s. When w3 . 1, the

motion in the third joint is penalized more than others. As

can be observed in Figure 14(b), the constraint ||Wdq|| � r

does not limit the third joint’s motion when w3 = 1. When

w3 = 10 and 20, the third joint’s absolute velocity is trun-

cated to 7.06�/s and 3.58�/s, respectively. As can be

observed in Figure 14(c), the fourth joint moves very little

and keeps the manipulator in the wrist singularity position.

Figure 14(d) shows that the error between the desired levi-

tation position and the actual capsule position never

exceeds 1.5 mm, indicating that the capsule levitates as

desired despite the robot manipulator’s singularity, and that

control over the magnetic force is maintained. Interestingly,

the position error reduces as the weight w3 increases, which

indicates that rapid motion of joint 3 was contributing to

the capsule’s motion in an undesired way during levitation

with smaller values of w3.

Figure 15(a) shows the capsule transitioning from the

configuration that forces the robot manipulator to enter its

wrist singularity, to a configuration where the capsule

points in the �ẑ direction by rotating the desired capsule

direction 10� around the �ŷ axis, while simultaneously

keeping the capsule’s position in space stationary (with

w3 = 20). In the initial robot manipulator configuration at

time t = 0 s, the desired change in the capsule direction
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(a) Transitioning out of the manipulator wrist singularity

(b) U-shaped trajectory near the wrist singularity 
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Fig. 15. In (a), the user commands the capsule to rotate from a

configuration that forces the robot manipulator into its wrist

singularity, to a configuration with the capsule pointed in the �ẑ
direction, while maintaining the capsule’s position in space.

Rather than immediately rotating the third joint to accommodate

the desired capsule motion, the control method guides the

manipulator to first rotate the capsule about the ẑ axis to reduce

net manipulator motion, while maintaining control over the

capsule’s position. In (b), the mockup capsule follows a U-

shaped trajectory with the manipulator near its wrist singularity,

which demonstrates 3-DOF control over the mockup capsule’s

position. The approximate path taken by the actuator magnet is

shown in both examples. Multimedia corresponding to (a) and

(b) appear in Extensions 5 and 6, respectively.

10 30

0

20

−20

0

20

0

0.5

1

1.5

−20

w3 = 1

Time (s)

C
ap

su
le

 p
os

.
er

ro
r (

m
m

)
Jo

in
t 4

ve
lo

ci
ty

 (°
/s

)
Jo

in
t 3

ve
lo

ci
ty

 (°
/s

)

w3 = 10 w3 = 20

10

0

20

−20

0

20

0

0.5

1

1.5

−20

w3 = 1

C
ap

su
le

 p
os

.
er

ro
r (

m
m

)
Jo

in
t 4

ve
lo

ci
ty

 (°
/s

)
Jo

in
t 3

ve
lo

ci
ty

(°
/s

)

J4

J3

20 40 50 600

(b)

(c)

(d)

(a)

y
z

ˆ
ˆ

Fig. 14. The control strategy derived in Section 2.2 is

demonstrated by levitating the capsule in a configuration that

requires the robot manipulator to enter a wrist singularity (a).

The angular velocities of joints 3 and 4 (labeled ‘J3’ and ‘J4’)

are shown in (b) and (c), respectively, for three diagonal weight

matrices: W = diag([1, 1, 1, w3, 1, 1]T) with w3 = 1, 10, and 20.

With weight w3 = 1, the velocity of joint 3 is not limited. With

w3 = 10 and 20, the absolute velocity of joint 3 is truncated to

7.06�/s and 3.58�/s, respectively. The capsule levitates as desired

with the total position error (d) from the desired levitation

position never exceeding 1.5 mm. Note that the most proximal

joint is ‘J0’.
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would require the third joint of the robot manipulator to

rapidly rotate 90� to align the manipulator’s â4 axis in the ŷ

direction. Rather than rapidly rotating the third joint, the

constraint ||Wdq|| � r penalizes the third joint’s velocity

and forces the manipulator to first rotate the capsule about

the ẑ axis (which can be seen at t = 18 s) before rotating

about the ŷ axis as desired. This demonstrates the ability of

the controller to seamlessly balance desired changes in the

capsule’s configuration that may conflict with the robot

manipulator’s kinematics in a singularity. A video of the

maneuver is shown in Extension 5.

Figure 15(b) shows the mockup capsule following a U-

shaped trajectory (similar to that in Figure 11(b)), with the

desired capsule dipole moment pointing in the direction

that forces the manipulator nearly into its wrist singularity

throughout the full trajectory (see Extension 6). This

demonstrates the ability to control applied magnetic force

despite robot manipulator singularities.

The stability of the mockup capsule under the control of

the methods presented is difficult to study due to the nonli-

nearity of the applied magnetic field, nonlinearities result-

ing from the constraints of the formulation (20) to (22),

and, in our case, velocity limitations of the manipulator.

However, provided the magnetic torque dominates the

mockup capsule’s rotational dynamics and the actuator

magnet is quasistatic, the applied magnetic torque will

always stably align the capsule’s dipole moment with the

applied dipole field. In general, robotic manipulators tend

to be bandwidth-limited. In the experiments, water pro-

vided damping that ensures stability in the capsule’s posi-

tion. Actuating the capsule in air with little damping would

be difficult using a commercial manipulator. Future work

should include further study of stability and robustness.

The experiments presented herein demonstrated the con-

trol of a 24-mm-long capsule-shaped untethered magnetic

device intended to demonstrate use for capsule endoscopy

of the stomach. Other areas where the control of an unteth-

ered magnetic device could be useful include human vascu-

lature (Nelson et al., 2010). The effects of scaling down the

size of an untethered magnetic device (to fit inside human

vasculature) on magnetic manipulation can be studied

using (35) and (36) in the 1D example presented in Section

2.3. If the dimensions of the untethered device are scaled

down by a factor of s, then the device’s volume scales as a

factor of s3, which subsequently makes the device’s appar-

ent weight ||fw|| and the magnitude of the device’s dipole

moment ||mc|| also scale as s3. The result is that the equili-

brium distance ||p||equal, given by (35), remains unchanged.

The force derivative (36) will decrease as s3, however, the

same percentage change in desired force will require the

same magnitude of robot motion.

If the application requires the percentage change in

desired applied force to vary as the problem is scaled down,

then the strength of the actuator magnet ||ma|| can be

adjusted (e.g. by increasing the actuator magnet’s volume)

to keep the necessary magnitude of robot motion constant.

This indicates that the scaling of the actuator magnet’s

magnetic field will not preclude the use of our methods for

operating scaled-down untethered devices. The most likely

limiting factors in operation in vasculature will be the pul-

satile nature of the blood-flow velocity, which will require

the use of a high-bandwidth robot system and will likely

violate the quasistatic assumption made in Section 2.

Localizing the untethered magnetic device in vasculature at

the rates needed for stable magnetic control will be challen-

ging as well (Nelson et al., 2010).

4. Conclusion

We have demonstrated 3-DOF position and 2-DOF orienta-

tion control of a mockup magnetic capsule endoscope using

a single permanent magnet positioned by a 6-DOF serial-

link manipulator, while only requiring the 3-DOF capsule

position to be measured. We have studied the kinematics of

manipulating an untethered magnetic device using a single

permanent magnet as the end-effector of a robot manipula-

tor, and introduced a control method that seamlessly sacri-

fices control over the capsule’s heading in order to maintain

control over the capsule’s position when the robot manipu-

lator enters a kinematic singularity. We have demonstrated

our method’s robustness to a control rate of 25 Hz, a locali-

zation rate of 30 Hz, deviation in the applied magnetic field

from that expected, and the presence of manipulator singu-

larities. Although our method has application in magnetic

capsule endoscopy of a fluid-distended stomach, the meth-

ods can be applied to magnetic manipulation in general.
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Appendix A: Index to Multimedia Extensions

Archives of IJRR multimedia extensions published prior to

2014 can be found at http://www.ijrr.org, after 2014 all

videos are available on the IJRR YouTube channel at http://

www.youtube.com/user/ijrrmultimedia

Table of Multimedia Extensions

Appendix B: Skew-symmetric matrix

implementation of the cross-product operation

S(v) maps v 2 R
3 to S(v) 2 so(3):

S(v)=
0 �vz vy

vz 0 �vx

�vy vx 0

24 35 ð37Þ

where vx, vy, vz are the scalar components of the vector v in

the coordinate directions x̂, ŷ, and ẑ, respectively.

Appendix C: Explicit representation of

JF (p, m̂a)

The Jacobian matrix JF (p, m̂a) is given by

JF (p, m̂a)=
Fp Fm

Hp Hm

� �
ð38Þ

where the submatrices Fp, Fm, Hp, and Hm are members of

R
3× 3, and are defined as

Hm =
∂ĥ

∂m̂a

ð39Þ

Hp =
∂ĥ

∂p
ð40Þ

Fm =
∂f

∂m̂
+

∂f

∂ĥ

∂ĥ

∂m̂
ð41Þ

Fp =
∂f

∂p
+

∂f

∂ĥ

∂ĥ

∂p
ð42Þ

∂f

∂p
=

g

pk k5
Y � 5p̂p̂

T
Y � 5Y p̂p̂

T � 5 Dm̂ak kp̂p̂T
� �

ð43Þ

∂f

∂ĥ
= � g

pk k4
m̂ap̂

T
+ p̂m̂

T
a + (m̂

T
a p̂)Z

� �
S(ĥ)2 ð44Þ

∂f

∂m̂a

= � g

pk k4
ĥp̂

T
+ p̂ĥ

T
+ (ĥ

T
p̂)Z

� �
S(m̂a)

2 ð45Þ

∂ĥ

∂p
=

3

Dm̂ak k pk k S(ĥ)2 (p̂
T
m̂a)I + p̂m̂

T
a

� �
S(p̂)2) ð46Þ

∂ĥ

∂m̂a

= � 1

Dm̂ak k S(ĥ)2D ð47Þ

g =
3m0 mak k mck k

4p
ð48Þ

Y = m̂aĥ
T

+ ĥm̂
T

a + (ĥ
T

Zm̂a)I ð49Þ

D = 3p̂p̂
T � I ð50Þ

Z = I � 5p̂p̂
T ð51Þ

Extension Media
type

Description

1 Video Demonstrating position control with a
raster-scan trajectory.

2 Video Demonstrating heading control while
keeping position constant.

3 Video Demonstrating position control with
a U-shaped trajectory.

4 Video Demonstrating position and heading
control with an RCM maneuver.

5 Video Demonstrating a transition out
of a manipulator singularity.

6 Video Demonstrating position control
near a manipulator singularity.
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