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Kinematic Model of a Magnetic-Microrobot Swarm
In a Rotating Magnetic Dipole Field

BhanuKiran Chaluvadi, Kristen M. Stewart, Adam J. Sperry

Abstract—This letter describes how a rotating magnetic dipole
field will manipulate the location and shape of a swarm of magnetic
microrobots, specifically microrobots that convert rotation into
forward propulsion, such as helical swimmers and screws. The
analysis assumes a swarm that can be described by a centroid and
a covariance matrix, with the swarm comprising an arbitrary and
unknown number of homogenous microrobots. The result of this
letter is a kKinematic model that can be used as an a priori model for
motion planners and feedback control systems. Because the model
is fully three-dimensional and does not require any localization
information beyond what could realistically be determined from
medical images, the method has potential for in vivo medical appli-
cations. The model is experimentally verified using magnetic screws
moving through a soft-tissue phantom, propelled by a rotating
spherical permanent magnet.

I ndex Terms—Micro/nano robots, medical robots and systems.

|. INTRODUCTION

IOMEDICAL microrobots hold promise for targeted ther-

apies in the human body. The majority of the research on
biomedical microrobots hasfocused on magnetic swimmersand
screws that use some form of chiral structure (e.g., a helix) to
convert magnetic torque generated by a rotating magnetic field
into forward propulsion (see reviews in [1]-{4]), athough it
has also been shown that achiral structures can be propelled
in a similar fashion [5]. This method of propulsion is inspired
by bacterial flagella, and is desirable when critically compared
to other methods of magnetic-microrobot propulsion such as
sperm-like wiggling or field-gradient-induced pulling [1]. To
accomplish a therapeutic task, a large number of such micro-
robots (i.e., a swarm) will likely be required, and the entire
swarm will be subject to some globally applied magnetic field,
making it challenging to differentiate actuation between mi-
crorobots. In addition, for clinical use, it will be unredlistic to
assume that microrobots can be individually localized; rather,
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Fig. 1. A magnetic dipole moment m (which points from the south pole
to the north pole) generates a magnetic field (- - - ), which is radialy sym-
metric about the m axis. If m is rotated about the axis @,,,, the magnetic
field vector b at each location rotates around some axis @p. The stream-
lines of @p (— —) are radially symmetric about the @,, axis. Swarms of
microrobots are shown at a variety of locations, with microrobots aigned
with their respective @, axes. At locations along the axis @,,,, swarms are
driven straight while either (a) gathering or (b) spreading. At locations that are
orthogonal to @,,, such as (c), the swarm moves locally straight, tangent to a
curved path, but does not gather or spread as it is driven forward. At general
locations, such as (d), the swarm will experience both spreading/gathering
and steering.

a medical image will show a swarm of microrobots as a blob
in the image [6]. To date, research on the control of multiple
magnetic microrobots has either considered a swarm that is
controlled asan aggregate unit with no ability to differentiate mi-
crorobots[6]-{8], asmall set of heterogeneous microrobots that
are individually localized [9]-{19], or a swarm of an arbitrary
number of heterogeneous microrobots [20]—-{22].

In thisletter, we demonstrate how arotating magnetic dipole
field can be used to manipulate a swarm of homogeneous mag-
netic microrobots (Fig. 1), in terms of its position and shape,
using techniquesthat could realistically be applied to the control
of swarmsin vivo. We characterize the swarm in terms of amean
position (i.e., the centroid of the swarm) with respect to the
rotating dipole, and a covariance matrix that describes the shape
of the swarm, both of which could be estimated from images.
We quantify how these parameters evolve in time and space in
arotating dipole field.
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II. KINEMATICS OF A SINGLE MICROROBOT IN A ROTATING
DiPOLE FIELD: A REVIEW

A magnetic dipole m (units A-m?) located at a point P,,,
generates a magnetic field vector b (units T) at each point Py,
described by

Mo A AT Ho
b = ( —
{m,m} H H3 3zx

u) = M rigim,
™= e ™

where x = Py, — P, (units m) is the relative displacement
vector of the point P, with respect to P,,, [ is the identity
matrix, 1o = 4 x 10~7 T-m/A isthe permeability of free space,
and we use the “hat” notation to indicate a unit-normalized
vector (i.e, ¢ = x/||x||); the vectors can be expressed with
respect to any frame, provided they areall expressed with respect
to the same frame [23]. The streamlines of the b vector field are
depicted in Fig. 1. We see that the magnetic field is nonlinear
with respect to position, with a strength that decays rapidly with
distance from the source ||| =3, but the field is linear with
respect tothedipoleitself. Wecan use [ { & } to capture the shape
of thedipolefield, whichisinvariant to distance from the source.

If the dipole moment m is rotated about, and orthogonal to,
some axis @.,,, then the field b at any given point in space will
rotate about, and be orthogonal to, some axis @y:

ip{z) = (T H{@}om), 2
where
e} = 5 (1@} -) ®

isalwayswell conditioned[24]. The streamlines of the@,, vector
field are depicted in Fig. 1. The dipole and field vectors will
rotate with the same period and mean angular velocity, but
their instantaneous angular velocities may not be the same in
genera [24].

If the dipole source, and thusthefield, arerotating sufficiently
slowly, then the microrobot can be assumed to be rotating
synchronously with the field. The body of a microrobot located
at P, will tend to align with @, as its magnetic element syn-
chronously rotateswith b, and @, will become the microrobot’s
“forward” direction (assuming right-handed chirality). Thisalso
assumes that the field is rotated sufficiently slowly to avoid
instabilities in which transient torques cause the body of the
microrobot to move away from the @, axis rather than align
with it [25]. Under these assumptions, the velocity (units m/s)
will be proportional to my, (units rad/s) as

V= @pv (4)
with an associated speed
v = v = llom]B, (%)

where the coefficient 8 (units m) is afunction of the properties
of the fluid environment and the microrobot’s geometry [1].
There is a rotation speed ||w,, | a which the maximum
available magnetic torque is required to keep the microrobot
rotating synchronously with the field; thisis commonly known
asthe “ step-out frequency” [9]. If thefield source isrotated any
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faster, the speed of the microrobot will reduce, and the linear
relationship in (5) will no longer hold [12].

1. KINEMATICS OF A MICROROBOT SWARM IN A ROTATING
DiPOLE FIELD

If we consider aswarm of microrobots at some nominal posi-
tion, for which the centroid of theswarm (Pz, & = Pz — P.,)
isthenatural choice, weobservethat each microrobot will beat a
different  and will thus experience adifferent @,. Asshownin
Fig. 1, therewill belocationsintherotating dipolefieldinwhich
we can conceive of basic swarm manipulation primitives, such
as spreading out or gathering together while moving forward, or
steering while moving forward. Wefirst introduced this concept
qualitatively in[26]. Inthisletter, we quantify this phenomenon,
using the language of robotic manipulation.

Throughout this letter, we make the assumption that all of
the microrobots are rotating synchronously with the applied
field, and will consequently all swim with the same speed. This
assumption can be enforced by limiting the dipol€e's rotation
frequency to avoid the microrobots entering the step-out or
unstable regimes described in Section 1.

The swarm itself can be viewed explicitly as a discrete set
of N microrobots, or it can be described by atime-varying and
spatially varying continuum number density (or concentration)
of microrobots p{x, t} (i.e., the number of microrobots per unit
volume). Here we will define the centroid, standard deviation,
and covariance for both representations, but we will use the
continuum approach in our derivation of the swarm kinematics.
The centroid of the swarm is its average position,

N
T{t} = ]t;wl = %/mp{w,t} dv. (6)

The discrete representation can be obtained from the continuum
one by using the density p{z,t} = S| 6{x — (1)}, where
d{x} is the Dirac delta function. The standard deviation in
position of the swarm is

o= (Zif f: (z; — m)2> 1/2: (ji]/(:c —z)%p{x,t} dV) 1/2.

i=1
)
The standard deviation is a measure of the overall size of the
swarm. For example, we would expect 95% of the swarm to fall
within a distance of 20 from the centroid. The covariance K of
the swarmisa3 x 3 matrix

ko Ly z z)"
= N;(wi—w)(wi - )
_ % / (@ — @)@ — &) pla,t} AV, ®)

The covariance describes both the size and shape of the swarm.
The variance is the trace of the covariance, and the standard
deviation (which parameterizes overall size) is the square root
of the variance. The sgquare root of the eigenvalues of K pa-
rameterize the extension of the swarm along the corresponding
principal axes (i.e., eigenvectors). In the specia case of an
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isotropic swarm, the eigenvaluesare all equal and the covariance
isK = o20/3.

Local quantities of the swarm, such as density or orientation,
can be characterized using the concept of amaterial derivative,
borrowed from continuum fluid mechanics [27]. For any prop-
erty Q{x,t} of an element of materia that is moving through
space with an instantaneous vel ocity v (units m/s), the material
derivative
_ _0Q | 09Q

= /+(v-V)Q_8t+amv (9)
describes the rate of change in that property moving with the
element of material. Q may be scalar-valued (e.g., density) or
vector-valued (e.g., vel ocity). For avector-valued (@, the element
in the ith row and jth column of 9Q /0 is0Q; /0.

A. Centroid (Mean) of the Svarm

The instantaneous velocity of the centroid of the swarm is
the same asthe average velocity of the swarm, which, assuming
that @, does not vary appreciably over the size scale of the
swarm, is approximately the velocity of a microrobot located
at the centroid, as described in (4). See Appendix A for more
details.

The instantaneous curvature of the trgjectory of the swarm
can befound by considering the rate of change of the “forward”
direction, moving with the local population:

Doy 0wy n
Dt ot ox
We are exclusively interested in the motion of a swarm in a
“static” rotating dipole field (i.e., where w,,, is constant), so

dwy /0t = 0. We can explicitly compute the spatial derivative
of wy, as:

Yy 3 (n - fz)b@;) ( (w;m) (n - 253:?) + :;xz)jn)
ox 2] [T {}@ml] '

(10)

ox
(11)

This quantity will be important throughout this letter, as it
describes how the unit-vector “forward” directions @y for mi-
crorobots throughout the swarm vary relative to @y, at the cen-
troid of the swarm, which is what fundamentally enables us to
mani pul ate the shape of the swarm.

If Dwy/Dt = 0, the swarm is instantaneously not rotating.
Otherwise, the swarm can be considered astraveling on acurved
path with an instantaneous curvature (units m—1) defined by
Omy ..

1

1
K = —
r

12)
where r (units m) is the instantaneous radius of curvature.

B. Swarm Density/Concentration

To determine if a swarm of microrobots is spreading or
gathering (see Fig. 1), one can examine the rate of change
in density (concentration) moving with that swarm (i.e., the
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material derivative of the density):

g;’ = % + (v - V)p.

Since pv isthe flux of microrobots, by conservation of number,
the number density p obeys:

op

5

= —p(V - @p)v — (v, - V)p,

(13

=V (pv) = =V - (pvoy)

(14)

which is analogous to the relation between mass flux and mass
density [27]. Therefore, (13) can be written as
Dp . N . é)cbb
i —p(V - @p)v = tf{aw}w,

where the trace of dmy/0x can be efficiently computed (i.e.,
without explicitly computing 0@y /0x) as

AT o LT\ 2 AT A AT &
tr{ 8&)5}_ 3<wmac (1+2(wba:) )—wbxwmwb>

ox | 2|z || {& }arm|

(15

(16)

A positive (negative) value of Dp/Dt indicates an increasing
(decreasing) population density, which correspondsto a gather-
ing (spreading) of microrobots.

We may be more interested in the relative change in the
density, rather than the absolute value of the density. In that
case, we will consider the material derivative of the density
normalized by the instantaneous density:

1D (i),
p Dt ox |

C. Swarm Shape (Covariance)

17)

The rate of change of the covariance K can be computed
directly fromthespatial derivativeof @, evaluated at the centroid

of the swarm:
oK ([ (dap\' Oy ¢
at_<”<<aas> o )Y

The derivation of (18), provided in Appendix A, assumes that
the swarmissufficiently small to linearize @y, about the centroid
of the swarm.

(18)

D. Overall Svarm Sze (Standard Deviation)

The time derivative of the standard deviation o = \/tr{K}
can be found using the chain rule

do 1 oK v Doy \
= = 4l =V Tl k(= 19
ot 2./tr{K} r{at} o r{ (8m> } (19)
which for an isotropic swarm (K = 021/3) simplifiesto
9o _ [ 90 | vo
ot ox | 3°
This result can aso be rationalized from the rate of change of
density, (13). For aswarm of N microrobotsin avolume V', we

(20)
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NdFeB
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Magnet

Brass

Fig.2.  Magnetic screw.

expect the density to scaleas p o & o & Asaresult,
1Dp =300
,Dt - oot (21)
which when combined with (17) yields (20).

IV. EXPERIMENTAL VERIFICATION

The “microrobots’ used in our experiments each comprise a
No. 2 brasswood screw with the head removed and replaced with
acubic NdFeB N50-grade permanent magnet with aside length
of 1 mm (Fig. 2). The magnet was selected as to not exceed the
minor diameter of the screw thread. The dipole of the magnet is
oriented orthogonal to the screw axis. Each magnetic screw is
measured to be 5.5 mm in length.

The soft-tissue phantom used in the experiment is an agar
gel prepared by boiling a mixture of agar powder and water at
doublestrength for oneminute. Themixtureisdilutedtothefinal
concentration of 0.5 wt% agar, poured into a transparent cubic
container, and refrigerated for 12 hours. Nine magnetic screws
are placed approximately vertically into the agar gel to form a
swarm (Fig. 3). For one experiment (gathering) the magnetic
screws are initialized near the bottom of the container with
their tips pointing upward, and for the other two experiments
(spreading and straight motion) the magnetic screws are ini-
tialized near the top of the container with their tips pointing
downward.

For our magnetic-dipole-field source, we use the spherical-
actuator-magnet manipulator (SAMM) [28]. The SAMM uses
three mutually orthogonal omniwheels to continuously rotate
a 51-mm-diameter spherical NdFeB permanent magnet, with
dipole moment ||m|| = 71.6 A-m?, about arbitrary axes. A
robotic arm is used to position the magnet.

We perform three experiments—gathering, spreading, and
locally straight motion—corresponding to Figs. 1a-1c, respec-
tively; these experiments are shownin Figs. 46, respectively. In
the experiments, the SAMM s placed either above or adjacent
to the container that contains the swarm. The relatively slow
rotation speeds of the SAMM magnet were chosen during pilot
testing to ensure that no step-out or unstable behaviors of the
screws were observed; these should not be interpreted as maxi-
mum achievable speeds. Two cameras are placed at orthogonal
sideviews (seeFig. 3) to record the motion of the screws, which
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Top View

Side View 1

Side View 2

Fig. 3. Depiction of how the nine magnetic screws are initialized in the agar
gel inside the cubic container, and what the two cameras capture in orthogonal
sideviews.

were driven open-loop (i.e., theimages were not used in closed-
loop control). Although the screws are started approximately
vertically, itisevident how they rotatethemselvesinto alignment
with their local @, directions (see video attachment).

Figs. 4-6 also depict the results of the open-loop kinematic
model, verifying that the model is a good approximation of the
evolution of the swarm, suitablefor use asan a priori model for
motion plannersand feedback control systems. A pilot testwitha
singlemagnetic screw was used to determinethe 5 valuerelating
rotation rate to forward vel ocity, which was then utilized by the
model for all subsequent experiments. Before each experiment,
theinitial position of the centroid of the swarm (i.e., the magnet
of the central magnetic screw) was measured with respect to the
center of the SAMM magnet. A covariance matrix was selected
such that the planar projections of a corresponding ellipsoid
onto the two orthogonal views visualy surrounded the initial
swarm (with principal-axis dimensions equal to the square root
of the eigenvalues of the covariance matrix). Then, during each
experiment, the swarm model was evolved open-loop (seevideo
attachment).

V. DISCUSSION

In this letter, we have described the physical process by
which a single rotating magnetic dipole field can be used to
mani pulate a microrobot swarm. If the manipulation workspace
issurrounded by multiplesources, or amovablesource, such mo-
tionswill be possible in multiple, possibly arbitrary, directions.
Determining how many field sourcesarerequired and wherethey
should be placed, for general and application-specific tasks, is
left as an open question.

The dipole model (1) approximates the fields of all mag-
netic sources at sufficient distance [23]. It accurately describes
the field of spherical permanent magnets, such as that of the
SAMM, at al locations. It can aso be quite accurate for compact
permanent-magnet geometries (e.g., cubes, certain cylinders) at
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Side View 1, Final Side View 2, Final

Side View 2, Initial

Fig. 4. Typical results for gathering. The centroid of the swarm isinitially at & = [0 0 — 90]T mm. The SAMM magnet is rotated with ||,y | = 0.31 rad/s
about the positive vertical axis, causing the screws to move upward (toward the SAMM magnet). The red ellipsoid shows the open-loop kinematic model, which
isinitialized to match the swarm.

—

Side View 1, Initial

Side View 1, Final

Fig. 5. Typical results for spreading. The centroid of the swarm is initialy at & = [0 0 — 65]7 mm. The SAMM magnet is rotated with ||@, || = 0.50 rad/s
about the negative vertical axis, causing the screws to move downward (away from the SAMM magnet). The red ellipsoid shows the open-loop kinematic model,

which isinitialized to match the swarm.
b ‘.' / -
N \I
§/ — ?b\\ /// — .N
‘%5\ <
. ~ -

Fig. 6. Typical resultsfor locally straight motion. The centroid of the swarm isinitialy at & = [0 — 48 5]T mm. The SAMM magnet is rotated with || @, || =
0.19 rad/s about the positive vertical axis, causing the screws to move downward (antiparallel to @.,,). The red ellipsoid shows the open-loop kinematic model,
which isinitialized to match the swarm.

clinically relevant distances [29]. In addition, our group has
developed electromagnetic field sources that were optimized
to generate a field that is accurately modeled by the dipole
model [30].

We note that for each of the kinematic parameters of interest,
the time rate of change of the parameter islinearly proportional
tothe parameter itself. Itisalsolinearly proportional to the speed
of the microrobots, which isin turn proportional to the rotation

speed of the rotating dipole-field source (provided rotations
speeds are kept sufficiently slow).

We note that the magnitude of the elements in 0@ /0x
(which appears in every kinematic equation of interest except
the velocity of the centroid) decay uniformly with distance from
the source o ||z||~!. Thus, the use of spatial changes in the
rotating dipole field, as proposed in this letter, becomes more
difficult withincreasing distance. Because thedipol efield model
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of a magnetic source places the dipole at the center of the
source, this scaling problem cannot be circumvented simply by
constructing a larger magnetic source. However, constructing
alarger magnetic source will lead to stronger fields at a given
distance from the surface of the source, which will enable higher
microrobot speeds.

We have assumed that each microrobot in the swarm is
independent, interacting with the applied field of the rotating
dipole, but not interacting with each other. However, magnetic
and fluidic interactions will certainly exist [7], [31], [32]. Vach
et al. [15] estimate that the unmodeled interactions for thistype
of microrobot will be negligible for microrobots separated by at
least five body lengths, but they conjecture that models which
assume independence may retain sufficient validity with denser
packing. We have also assumed that the effects of magnetic
torque dominate the magnetic actuation of the microrobots. In
practice, periodic magnetic forces will be present [33], [34],
acting as a disturbance on velocity. These forces will become
smaller relativeto thetorquesof interest with increasing distance
fromthedipolesource[23]. Finally, thekinematic modelsdo not
include atransient response as the microrobots align themselves
with the @, vectors, which will lead to inaccuracies if @,
changes rapidly.

Thekinematic model assumesthat the microrobotsarealways
aligned with their local @, vectors, which is likely to be a
quite accurate assumption for microrobots swimming in fluid.
However, for microrobots moving through soft tissue, asin our
experiments, the magnetic torque attempting to align the micro-
robotswiththeir local @y, vectorsisopposed by the environment.
Asaresult, the model overpredicts the steering. Thisis evident
in the open-loop models in our experiments, which aways
overpredict the change in the swarm covariance. The model
aso sometimes overpredicts the velocity of the swarm. This
is due to the fact that the kinematic model assumes no step-out
behavior or slipping (e.g., tearing of the soft tissue), which will
aways tend to reduce the velocity from that predicted by the
model. It is possible that a correction factor could be included,
for a given microrobot swarm in a given soft tissue, to improve
the model’s predicting power; such a correction factor would
likely be found experimentally, or could be learned in real time.
However, closing the control loop with periodic image-based
feedback should be the ultimate goal.

Inthefuture, it may be possibleto exploit the step-out regime,
as has been done in uniform fields [12], [22], to differentiate
the speed of the microrobots as a function of their position
in the swarm, which would enable another means for swarm
mani pul ation beyond what we have characterized here. Thisand
other swarm-manipulation concepts using arotating dipolefield
are proposed in [26].

V1. CONCLUSION

In thisletter, we showed how arotating magnetic dipolefield
will manipulate the location (i.e., centroid), shape (i.e., covari-
ance, standard deviation), and density of a swarm of magnetic
microrobots that convert rotation into forward propulsion (e.g.,
helical swimmers and screws). The result of this letter is a
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kinematic model that can be used asanapriori model for motion
planners and feedback control systems. Because the model is
fully three-dimensional and does not require any localization
information beyond what could redlistically be determined from
medical images, the method has potential for in vivo medical
applications.

APPENDIX A
DERIVATION OF CENTROID VELOCITY AND EQ. (18)

Throughout this appendix we use Einstein (indicial) notation,
which greatly simplifiesthe calculusto that of scalar quantities.
This means that we describe vectors and matrices by their
elements. For example, the ith element of vector x is denoted
x;, and the element of matrix A in the sth row and jth columnis
denoted Aij.

In terms of elements, the 3 x 3 matrix product A = BC is
expressed as

3
Aij = BirChj. (22)
k=1
Wefurther simplify expressionsby removing the summation and
assuming that a summation is implied if a particular index (in
this case k) appears more than once in a product of terms. Thus
we write the matrix product A = BC in full Einstein notation as

Aij = B Chj, (23)

where the summation isimplied because & appears twice in the
product.

Now consider a swarm described by number density p{x, ¢}.
We assume that the swarm is finite in size and small compared
to the length scales over which @, varies. The position of the
swarm is described by its centroid &, computed in terms of its
components as

T; = %/xip{sc,t}d‘/,

where N is the total number of microrobots. The bar denotes
averaging over the swarm distribution. We can compute thetime
evolution of the centroid by using (14):

(24)

0:T; = %/xi(atp) dV = —% /miak [pv@rp ] AV, (25)
where @y, ;, is the kth element of @y, 0, isthe partia derivative
with respect to time, and 0y, representsthe partial derivativewith
respect to . Integrating by parts and discarding the boundary
term, which vanishes since the density is zero at infinity, we
obtain

1 N 1 R -
OiT; = N /(6kxi) [pv@rp | AV = N /pvwbyidV = U@y, ;.
(26)

Thus the centroid moves with the average velocity of the dis-
tribution, as expected. By Taylor expanding the velocity field
around the centroid,

V0 ~ U(i)b{i‘} + (ZE}C - :Ek)v[(?k(bb{:i}], (27)
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we seethat the average vel ocity isequal to the velocity evaluated
at the centroid, up to first order in the expansion:

% / polivy (@ ]V

’U(IA)b’i =

+ %/pv [(zg — Tx) [Op@p i {Z}] + -+ -] AV

= v@pi{Z} + V(T — Tp) [Ox@p  {T}] + - -
— vd’b,i{i'} 4. (28)

Inindicia notation, the elements of K can be computed as

K;; = %/(xz —z;)(z; — 2;)p{w, t}dV

= (3:1 — jz)(x] — SE]') =TTy — TiLy.

(29)

The time evolution of K isthen

1
(’)tKij = N /l‘il‘j(&gp) dVv — (ataéi)@ — i‘i(ati‘j)

1 . — _
= —N /xzxjak [p?)(x)b’k} dVv — VOp ;T — T;V0p ;-
(30)

To compute the first term of the last expression, integrate by
parts to obtain

1 .
0Ty = N /l‘ixjak [pvidy, k] AV
= = [ 0uwsry) loviny ] AV
= | Onlziz;) [pvds

1 . N
=N /azj [ov@y ;] + x; [pray ;1 AV, (31)

Expanding @y, ~ @p{Z} + (71 — T1)k@p{T},
1 N
N /.’Kj [pvwb,i] dVv
_ 1 T oven LBV AV
)

+ % /{)jj(fljk — .f'k) [pv(ak(bb,i{j})] dv

= zjvwp  {Z} + 777 — ;2] [v(Oropi{Z})] . (32)
Substituting thisinto (31),
OTiTy = Tjvop,; + [T;Tk — T;T1] [v(O@s,:)]
+ Zv@yp j + [TiTr — T;Tk) [V(Ok@p,5)]  (33)

with all quantitiesevaluated at the centroid of the swarm . Now
substituting (33) into (30), and using (28),

O K;j = [TiTr — TiZx] [v(Or®s ;)]
+ [acjxk — iji‘k] [U(akﬁ)b7i)]
= KipvJrj + Kjpvdy (34
where Jy,; = ag;: are the components of (11) suchthat J© =
OJmy, /Ox evaluated at the centroid of the swarm.
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